Stokes’ Theorem on Chains.

e Let M be a C* manifold and S°(M) = {S;°(M), 0} the C° singular chain
complex of M.

® Recall that a C*> singular k-simplex o : A¥ — M of M is a C° map from (an
open neighborhood of) the standard simplex A* in R* to M.
Therefore, for a k-form w € A*(M) on M, the pullback o*w of w by o is defined.

— Now we define the integral of w on ¢ by

/w:/ oc*w.
o Ak

— For a general chain ¢ € Sp°(M), we extend this definition linearly.
That is, if ¢ = )~ a;0;, we set

Stokes’ Theorem on Chains. For a C* singular k-chain ¢ € Sp°(M) of a C™
manifold M and a (k — 1)-form w on M, we have

/dw:/ w.
c dc

Proof. By the linearity of the integral, it is enough to prove the case where c is a
single singular k-simplex o. Furthermore, since o*w is a (k — 1)-form on A*, we
can write

k
ocfw = Zai(x)dxl A ANdet T Adzigy A A da®
i=1
Again by linearity of the integral, it is enough to prove the case of
o*w = a(x)dz' A---de? "t AdaITE A A dat

Then we have 9
w7 (_1yi—19% 51, gk
o*dw = (1) 57 dz* A---dz”,

For i =0,1,--- ,k, define the continuous maps ¢; : AF~1 — A* by

k—1
(1) EQ(.’I;l,"',fEk_l): (1_Z$i,$1,"',xk_1>,
i=1

(2) Ei(xlv"' 7xk71) = (xlv"' ,I’i,l,o,zi,"' 7xk71) (7’ = 17 5k)7

using these, the boundary operator
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Thus the formula to be proved is

k

() (7| ojade’ e da® =3 (-1 /A ela@)de A Nday A dat),
1=0

where (A’)*~1 is the standard (k—1)-simplex in (k — 1)-dimensional space obtained
by omitting the x;-direction from RE.
(i) The integral on the left hand side of (3)

1=3 iy i _ —
8jada:1~~d:1:k:/ (/ ’ 8jadxj)dx1-~-dxj-~-d:1:k
Ak ( /)k—l 0

(4) :/ (a(xl,--- 7"Ej7171 _inawja"' 7$k71)
(A/)k—l 17&-]
—a(zt, - 270,27, ,xkil))dxl-u@-udxk,

y "

where (A’)¥~1 is the standard (k — 1)-simplex in (k — 1)-dimensional space ob-
tained by omitting the z;-direction from R¥.
— Identifying (A")*~1 and A*~! via the diffeomorphism v : (A")F=1 — AF=L

(X1, o1, T, s Th—1,Tk) = (X1, Tj—1, Thy Tjp1,, The1)s

whose determinant of the Jacobian matrix is (—1)7~!, the last integral

i#£j
(5) —afxt, - 270,27, ,xkfl))dxyudaﬂ\udxk
:/ (a(:vl,---,xj_l,l—zxi,xj,---,xk_l)
ARt i#]
—a(zt, - 200,20, ,xkfl))d:bl---dxkfl.

(ii) By (1) and (2), we see that e*dxz; # 0 only if ¢ = 0 or ¢ = j, and hence the
right-hand side od (3) is

k

Z(—l)l/ e;‘(a(fb)dxl Ao A d/g A dxk)

i=0 Akt
_ k—1
(6) :(—I)Jfl/ a(l—in,x1,~~ xp_1)dat - dahTt
Akt i=1
+ (=1)771 / a(zt, - 2771 0,27, - 2P )dat - dah Tt
Ak—1

— Define a diffeomorphism ¢ : A*~1 — o(AF~1) by

k—1
So(xla"' 7:Ek—1) = (‘Tlu"' 7xj_171 - leaxju 7xk_1)7
i=1
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which transforms A*~! onto a face of A* and whose determinant of the Jacobian
metric is (—1)7~!. Therefore,

k—1
—1j_1/ a(l =) wjar,-- ap)dat - dat !
([l Zj ! )
(7)

k—1
j—1 1 k-1
=(-1) / a(zy, - ,xj-1,1 — E Ty XTjy e, Tp—1)dx - dx
Akl i=1

From (4), (5), (6) and (7) we obtain (3). O



