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Representation theory of p-adic groups 2025. 10 . 24
.

· F : non-arch. local field Char(LG) seminar

(fin
. ext .

of Rp ,#plt)) .

F > UF > PF, RE/PE = #g .

char p > o .

· : a conn . redgp/F
~ G:(F) locally profinite group . "p-adic reductive gpY

Recall (T ,V) : a rep of G is "smooth" StabaG veV·

& We are interested in Rep(G) := catof Su .reput of G. rep... /D.

#(G) := Sirrsurepus of G3/n
Harish-Chandras

Why ? = parallel to Rep !(1) .

Letschetz principle
= arise as local compo .

of automorphic reput
- expected to be related to Galois repur . Langlands correspII 4I - contains Rep (D(t)) ·

et....

# Supercuspidal repus.
① Indict : Rep(H-> Rep(C) . induction

HCG : a closed subgp
(P ,W) : a smooth rep of H.

~ define (Indep ,
Indies a surp of G by .

Indi :=If : SinW/fing) = pchifigs That , Yg +G)
(i .e. loc const

.) he transGe via y so



&

Ind( : Rep(t) -> Repla compact induction
· H < G : an open subgp
· (p,W) : a surep of H

~ define (cIndip , <Indiws by
cIndIW :=<f : b +W/ 1 Er

smooth a suppf : Cpt mod H

Note
.
Rest : Rep(G) -> RepLH)
[Induc + Rest + Indits adjunctions

Frobenius reciprocities .

Def DC P = / .M parabolis w/ Levi IM
TIM : a Su . rep -

of M
.

~ ii := Indiliefp) · parabolic ind.
↑ ↑modulusregarded as chan

. P-M-D".

arep of p (SM)

Def
.
i : an irrsmrep. of G is supercuspidal
* I cannot be a subquot. of istm for any GIP &T ·

Fact For any irr. su. rep. M of G,

there is a unique (up to G-conp) pair (M,M) of

( & a Lovi IM ( < P parab.
) I called the cusp - supp,called " an in

. S
. e

. up . T of M
a cusp. pair.

st
.
It is a subquit of issum of it.



③

supercusprepus are "atoms/building blocks" of Rep (G).

Lem
. )
· 1 >G an op. ept-mod-center subgp.

&

P : ivr. su
. up of K.

If cIndip is of fin · Length ,
then all the irr constituents are s

.
C.

Cong All z.c. reports are obtained byInd

For example ,
if we choose p = It , then

Enda(cInd1) = Homk(1 , ReecIndiI) .

= dime(f : (G/k-> D : cpt .supp] .

Ne

wo (K , It) is not good
NOT finite almost always .

for getting s
.
c

. reput. ept-mod-center tfinding
How to get s .Crepus = How to find nice (K , p) .

call "S.c. types",

Rem
.

H (G ( , 9) := Endp(cIndip) is called the"Hecke algebra" for (K , p).(

If <Indict =: T is s
.
C
.,
then

"T2-part of Rep(G)" = Mod(I(G
,
K

,p)
-

This identification itself can be generalized to (k , pl
3..Endist is not s. c . (Bushnell-Kutzko's "type"

(89 : "unramifiedpart of Rep(G)" = Mod(F(G
,
I , Itl) ·

- ↑ Iwahovi subgp .

use

formulated in terms of "Inahovi-Hacke alg.
Bernstein decomp - of Rep(G).



①

& Depth-zero S
.

9. repus .

Recall X-X
. point of apartment of G.

~ Gxo CG parahoris subgp (op . cpt) .

&GxrYreRpo Moy-Prasad filtr

key Gx.
0 (x

, o+ = D#g)
- a conn .

red
. gp /Agr

eg .
D =GL2

.

~o A : 1-dim · simplicial set

U

C : alcove=edge
ecis.

I
· x = vertex mo Gx/Dx,+ = (88)/(IP ,Ip) = PLaly)
· X = edge no Gx0/Gxo+ = (*x)/Pp) Dirty) .

Moy-Prasad's theorem ->
unter.

1) )
: X +A a vertex. K := z . Gx,o

·

p : an irr enspida repo of Gxo/Gxo+=DL) .

T := an ext. of p to K
~ (K,) is a sc type St. Indice is of depth O

12) any depth 0 s
.

c
. rep .

has a type of this form.



⑮

& Positive-depth S .
2

. p : odd a ptIWal
1 Adler (198)

,
YuYoll . ) · Tweylgp

me

· SCG an ellipticmaxtoramifiedaits/tame-ext ofF
S/Z is compact.

m II X =A is associated
.

Is elliptic & tamely-ramified descent)

· O :S-Y char of depth + > 0. (OISEI , OlszI) ·

↑
Assume : "generic".

If we let Yest (SoLies) St

Olsr(exp(X)) = 45g)(X, X
*)) .

*
X +1

,

↑ Eg-KY. fix .

then valt(Ha ,X*)) = -r for EXECG ,
5)

= dx()
.

root .

idea e input : (S
,
0) 1 Com -> $

.

wrort for x)

Steptheory of Heisenberg gp.

a output : (K
, p) s

.
c.

typeof depth No
W

· Sir I
&

· K := So · GX
,
s

U

J := (S,G)x
,
(r,S)·j



⑯

XFg-V .
S.

· : J+
-> K:= inflation of Olsr

.

Im < MplD) .

U

Ker > (S ,Glx
,
ir+, S+1 -

· E , -1 : Jx5 -> J : commutator prod
- U

t ↑J+,yup(k)eX
1)< fix

515+ x5/5+ Ep-

" 4 -,
-Y

.

~ (V
, <,-3) : symplectic Ep-V . S.

· HIV) := VX #p . "Heisenberg gp".

(v , z) - (viz) = (v+v', v+V+(z ,zY)

(HIV) is non-abelian
. (ox#p is center) .

Stone-von Neumann This

For any 4:p-
* nontriv .

char
,

= Ity,
WS : iv. rep .

of HIV w/centchar P .

Note goSpIVS H(V) by g . (v,z) := (gV ,2) .

up Ey : rep , on W given by [Y(v,z) := ty (gv ,z) .

is again ir
.
I has centchan 4.



D

-
. SN Thm => =Pg :Tx = Tx8 lunique up to scolar)

Fact can choose (g) gespin S .t . Spip() -GLeIN) is hom.

+- Pg

~ get SpitpIAHIby (g ,h) := EgotyChi .

-

H(V) > GLeIW)
[x

by is called the "Heisenberg-Weil rep .

"

conj
.

-S
· SoN]> SoxJ/r) = SoKHIV) -> SpIKHINGLeCN) .

· Sok] + So-X

Also

Fact P := Eye(Olso) factors through SOUT -So .T=K
.

Thim (K , p) is a sc
. type .

Yu's generalization
· G = (G<G'c ... GE=G)

input : (,,, X, Po) · = (p:, ..., pd) pi : G+ DXI
11 Y( = = Nox - - xrx) generis& · X = A(G) vertex depth r.

· po : iw
.

S .c
.

of Go/Giot
· output : (K ,P) .



①

na extending pi to pit inductively
via Heisenberg-Weil rep

-

↳- i

Yu's pyramid.


