
Browse data science 
with 

Differential geometry and 
Random matrix theory

Hau-Tieng Wu, MD., PhD. 
Mathematics and Statistical Science 

Duke University



Modern Data is Massive  
Structure is the key

Structure = knowledge!

• Large-volume 

• High dimensional 

• Noisy 

• Non-stationary

(from internet)



From data to data science  
model and analysis

F=ma
E=mc2

Find the structure under the datasets and use it 



Not anything new but  
scientific argument!!! 

Repeat 
Observation/Experiment 

Theorem 
Law



Science + computer leads to AI
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• One motivative problem 
• Manifold learning — algorithm 
• Manifold learning — theory 
• Random matrix theory 
• Toward manifold + RMT 
• Some more…



High frequency time series  
is everywhere in healthcare

Operation 
Room

Intensive 
Care unit Holter system

EP/Cath 
Room

Sleep Lab

Ambulance System

Emergency 
Room

fMRI



Also everywhere outside hospital



Motivative clinical application : 
How to visualize ultra-long signals, like ECG in ICU?

Q: How to summarize/reduce the dimension?

14 days ECG = 120,960 segments to read 
Good luck! :)
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A typical example
14 days ECG ~ 106 beats 
3,000 cases ~ 3x109 beats 
Only ECG. More channels?

• Large-volume 

• High dimensional 

• Noisy 

• Non-stationary
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Sampling rate = 1000Hz 
Each beat ~ 1000 dim



• One motivative problem 
• Manifold learning — algorithm 
• Manifold learning — theory 
• Random matrix theory 
• Toward manifold + RMT 
• Some more…



General manifold learning problem

x1
<latexit sha1_base64="3wnn1HLNdhsF0otyIlS/YK6DCbs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+V+2XK27NXYCsEy8nFcjR7Je/eoOEZTFXyCQ1puu5KQZTqlEwyWelXmZ4StmYDnnXUkVjboLp4tgZubDKgESJtqWQLNTfE1MaGzOJQ9sZUxyZVW8u/ud1M4yug6lQaYZcseWiKJMEEzL/nAyE5gzlxBLKtLC3EjaimjK0+ZRsCN7qy+ukVa95bs27r1caN3kcRTiDc7gED66gAXfQBB8YCHiGV3hzlPPivDsfy9aCk8+cwh84nz/Dmo36</latexit><latexit sha1_base64="3wnn1HLNdhsF0otyIlS/YK6DCbs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+V+2XK27NXYCsEy8nFcjR7Je/eoOEZTFXyCQ1puu5KQZTqlEwyWelXmZ4StmYDnnXUkVjboLp4tgZubDKgESJtqWQLNTfE1MaGzOJQ9sZUxyZVW8u/ud1M4yug6lQaYZcseWiKJMEEzL/nAyE5gzlxBLKtLC3EjaimjK0+ZRsCN7qy+ukVa95bs27r1caN3kcRTiDc7gED66gAXfQBB8YCHiGV3hzlPPivDsfy9aCk8+cwh84nz/Dmo36</latexit><latexit sha1_base64="3wnn1HLNdhsF0otyIlS/YK6DCbs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+V+2XK27NXYCsEy8nFcjR7Je/eoOEZTFXyCQ1puu5KQZTqlEwyWelXmZ4StmYDnnXUkVjboLp4tgZubDKgESJtqWQLNTfE1MaGzOJQ9sZUxyZVW8u/ud1M4yug6lQaYZcseWiKJMEEzL/nAyE5gzlxBLKtLC3EjaimjK0+ZRsCN7qy+ukVa95bs27r1caN3kcRTiDc7gED66gAXfQBB8YCHiGV3hzlPPivDsfy9aCk8+cwh84nz/Dmo36</latexit><latexit sha1_base64="3wnn1HLNdhsF0otyIlS/YK6DCbs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+V+2XK27NXYCsEy8nFcjR7Je/eoOEZTFXyCQ1puu5KQZTqlEwyWelXmZ4StmYDnnXUkVjboLp4tgZubDKgESJtqWQLNTfE1MaGzOJQ9sZUxyZVW8u/ud1M4yug6lQaYZcseWiKJMEEzL/nAyE5gzlxBLKtLC3EjaimjK0+ZRsCN7qy+ukVa95bs27r1caN3kcRTiDc7gED66gAXfQBB8YCHiGV3hzlPPivDsfy9aCk8+cwh84nz/Dmo36</latexit>

xn
<latexit sha1_base64="Vymo8fB6RrflBvz8ODlJfpijJtI=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+qvbLFbfmLkDWiZeTCuRo9stfvUHCspgrZJIa0/XcFIMp1SiY5LNSLzM8pWxMh7xrqaIxN8F0ceyMXFhlQKJE21JIFurviSmNjZnEoe2MKY7MqjcX//O6GUbXwVSoNEOu2HJRlEmCCZl/TgZCc4ZyYgllWthbCRtRTRnafEo2BG/15XXSqtc8t+bd1yuNmzyOIpzBOVyCB1fQgDtogg8MBDzDK7w5ynlx3p2PZWvByWdO4Q+czx8gWo43</latexit><latexit sha1_base64="Vymo8fB6RrflBvz8ODlJfpijJtI=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+qvbLFbfmLkDWiZeTCuRo9stfvUHCspgrZJIa0/XcFIMp1SiY5LNSLzM8pWxMh7xrqaIxN8F0ceyMXFhlQKJE21JIFurviSmNjZnEoe2MKY7MqjcX//O6GUbXwVSoNEOu2HJRlEmCCZl/TgZCc4ZyYgllWthbCRtRTRnafEo2BG/15XXSqtc8t+bd1yuNmzyOIpzBOVyCB1fQgDtogg8MBDzDK7w5ynlx3p2PZWvByWdO4Q+czx8gWo43</latexit><latexit sha1_base64="Vymo8fB6RrflBvz8ODlJfpijJtI=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+qvbLFbfmLkDWiZeTCuRo9stfvUHCspgrZJIa0/XcFIMp1SiY5LNSLzM8pWxMh7xrqaIxN8F0ceyMXFhlQKJE21JIFurviSmNjZnEoe2MKY7MqjcX//O6GUbXwVSoNEOu2HJRlEmCCZl/TgZCc4ZyYgllWthbCRtRTRnafEo2BG/15XXSqtc8t+bd1yuNmzyOIpzBOVyCB1fQgDtogg8MBDzDK7w5ynlx3p2PZWvByWdO4Q+czx8gWo43</latexit><latexit sha1_base64="Vymo8fB6RrflBvz8ODlJfpijJtI=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+qvbLFbfmLkDWiZeTCuRo9stfvUHCspgrZJIa0/XcFIMp1SiY5LNSLzM8pWxMh7xrqaIxN8F0ceyMXFhlQKJE21JIFurviSmNjZnEoe2MKY7MqjcX//O6GUbXwVSoNEOu2HJRlEmCCZl/TgZCc4ZyYgllWthbCRtRTRnafEo2BG/15XXSqtc8t+bd1yuNmzyOIpzBOVyCB1fQgDtogg8MBDzDK7w5ynlx3p2PZWvByWdO4Q+czx8gWo43</latexit>

...
<latexit sha1_base64="UrxmOt+Lq+Cau1WMUgLWgiCLpoM=">AAAB73icbVC7TsNAEFzzDOEVoKSxSJCoIjsNlBE0lEEiDymxovP5nJxyvjN360iRlZ+goQAhWn6Hjr/h8iggYaSVRjO72t0JU8ENet63s7G5tb2zW9gr7h8cHh2XTk5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0EqdSm8cKTSVfqnsVb053HXiL0kZlmj0S1+9SNEsYRKpIMZ0fS/FICcaORVsWuxlhqWEjsiAdS2VJGEmyOf3Tt1Lq0RurLQtie5c/T2Rk8SYSRLazoTg0Kx6M/E/r5thfBPkXKYZMkkXi+JMuKjc2fNuxDWjKCaWEKq5vdWlQ6IJRRtR0Ybgr768Tlq1qu9V/YdauX67jKMA53ABV+DDNdThHhrQBAoCnuEV3pwn58V5dz4WrRvOcuYM/sD5/AGFZI+c</latexit><latexit sha1_base64="UrxmOt+Lq+Cau1WMUgLWgiCLpoM=">AAAB73icbVC7TsNAEFzzDOEVoKSxSJCoIjsNlBE0lEEiDymxovP5nJxyvjN360iRlZ+goQAhWn6Hjr/h8iggYaSVRjO72t0JU8ENet63s7G5tb2zW9gr7h8cHh2XTk5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0EqdSm8cKTSVfqnsVb053HXiL0kZlmj0S1+9SNEsYRKpIMZ0fS/FICcaORVsWuxlhqWEjsiAdS2VJGEmyOf3Tt1Lq0RurLQtie5c/T2Rk8SYSRLazoTg0Kx6M/E/r5thfBPkXKYZMkkXi+JMuKjc2fNuxDWjKCaWEKq5vdWlQ6IJRRtR0Ybgr768Tlq1qu9V/YdauX67jKMA53ABV+DDNdThHhrQBAoCnuEV3pwn58V5dz4WrRvOcuYM/sD5/AGFZI+c</latexit><latexit sha1_base64="UrxmOt+Lq+Cau1WMUgLWgiCLpoM=">AAAB73icbVC7TsNAEFzzDOEVoKSxSJCoIjsNlBE0lEEiDymxovP5nJxyvjN360iRlZ+goQAhWn6Hjr/h8iggYaSVRjO72t0JU8ENet63s7G5tb2zW9gr7h8cHh2XTk5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0EqdSm8cKTSVfqnsVb053HXiL0kZlmj0S1+9SNEsYRKpIMZ0fS/FICcaORVsWuxlhqWEjsiAdS2VJGEmyOf3Tt1Lq0RurLQtie5c/T2Rk8SYSRLazoTg0Kx6M/E/r5thfBPkXKYZMkkXi+JMuKjc2fNuxDWjKCaWEKq5vdWlQ6IJRRtR0Ybgr768Tlq1qu9V/YdauX67jKMA53ABV+DDNdThHhrQBAoCnuEV3pwn58V5dz4WrRvOcuYM/sD5/AGFZI+c</latexit><latexit sha1_base64="UrxmOt+Lq+Cau1WMUgLWgiCLpoM=">AAAB73icbVC7TsNAEFzzDOEVoKSxSJCoIjsNlBE0lEEiDymxovP5nJxyvjN360iRlZ+goQAhWn6Hjr/h8iggYaSVRjO72t0JU8ENet63s7G5tb2zW9gr7h8cHh2XTk5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0EqdSm8cKTSVfqnsVb053HXiL0kZlmj0S1+9SNEsYRKpIMZ0fS/FICcaORVsWuxlhqWEjsiAdS2VJGEmyOf3Tt1Lq0RurLQtie5c/T2Rk8SYSRLazoTg0Kx6M/E/r5thfBPkXKYZMkkXi+JMuKjc2fNuxDWjKCaWEKq5vdWlQ6IJRRtR0Ybgr768Tlq1qu9V/YdauX67jKMA53ABV+DDNdThHhrQBAoCnuEV3pwn58V5dz4WrRvOcuYM/sD5/AGFZI+c</latexit>

⇢ Rp
<latexit sha1_base64="PfHETrGmM018sqe2izU2ztn4oN4=">AAAB/3icbVC7TsMwFL0pr1JeASQWFosWialKusBYwcJYEH1ITagc12mtOk5kO0hV6MCvsDCAECu/wcbf4LYZoOVIlo7OuVf3+AQJZ0o7zrdVWFldW98obpa2tnd29+z9g5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HV1G8/UKlYLO70OKF+hAeChYxgbaSefVTxVBooqpEXYT0Mgux2cp9UenbZqTozoGXi5qQMORo9+8vrxySNqNCEY6W6rpNoP8NSM8LppOSliiaYjPCAdg0VOKLKz2b5J+jUKH0UxtI8odFM/b2R4UipcRSYyWlItehNxf+8bqrDCz9jIkk1FWR+KEw50jGaloH6TFKi+dgQTCQzWREZYomJNpWVTAnu4peXSatWdZ2qe1Mr1y/zOopwDCdwBi6cQx2uoQFNIPAIz/AKb9aT9WK9Wx/z0YKV7xzCH1ifP4JklcE=</latexit><latexit sha1_base64="PfHETrGmM018sqe2izU2ztn4oN4=">AAAB/3icbVC7TsMwFL0pr1JeASQWFosWialKusBYwcJYEH1ITagc12mtOk5kO0hV6MCvsDCAECu/wcbf4LYZoOVIlo7OuVf3+AQJZ0o7zrdVWFldW98obpa2tnd29+z9g5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HV1G8/UKlYLO70OKF+hAeChYxgbaSefVTxVBooqpEXYT0Mgux2cp9UenbZqTozoGXi5qQMORo9+8vrxySNqNCEY6W6rpNoP8NSM8LppOSliiaYjPCAdg0VOKLKz2b5J+jUKH0UxtI8odFM/b2R4UipcRSYyWlItehNxf+8bqrDCz9jIkk1FWR+KEw50jGaloH6TFKi+dgQTCQzWREZYomJNpWVTAnu4peXSatWdZ2qe1Mr1y/zOopwDCdwBi6cQx2uoQFNIPAIz/AKb9aT9WK9Wx/z0YKV7xzCH1ifP4JklcE=</latexit><latexit sha1_base64="PfHETrGmM018sqe2izU2ztn4oN4=">AAAB/3icbVC7TsMwFL0pr1JeASQWFosWialKusBYwcJYEH1ITagc12mtOk5kO0hV6MCvsDCAECu/wcbf4LYZoOVIlo7OuVf3+AQJZ0o7zrdVWFldW98obpa2tnd29+z9g5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HV1G8/UKlYLO70OKF+hAeChYxgbaSefVTxVBooqpEXYT0Mgux2cp9UenbZqTozoGXi5qQMORo9+8vrxySNqNCEY6W6rpNoP8NSM8LppOSliiaYjPCAdg0VOKLKz2b5J+jUKH0UxtI8odFM/b2R4UipcRSYyWlItehNxf+8bqrDCz9jIkk1FWR+KEw50jGaloH6TFKi+dgQTCQzWREZYomJNpWVTAnu4peXSatWdZ2qe1Mr1y/zOopwDCdwBi6cQx2uoQFNIPAIz/AKb9aT9WK9Wx/z0YKV7xzCH1ifP4JklcE=</latexit><latexit sha1_base64="PfHETrGmM018sqe2izU2ztn4oN4=">AAAB/3icbVC7TsMwFL0pr1JeASQWFosWialKusBYwcJYEH1ITagc12mtOk5kO0hV6MCvsDCAECu/wcbf4LYZoOVIlo7OuVf3+AQJZ0o7zrdVWFldW98obpa2tnd29+z9g5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HV1G8/UKlYLO70OKF+hAeChYxgbaSefVTxVBooqpEXYT0Mgux2cp9UenbZqTozoGXi5qQMORo9+8vrxySNqNCEY6W6rpNoP8NSM8LppOSliiaYjPCAdg0VOKLKz2b5J+jUKH0UxtI8odFM/b2R4UipcRSYyWlItehNxf+8bqrDCz9jIkk1FWR+KEw50jGaloH6TFKi+dgQTCQzWREZYomJNpWVTAnu4peXSatWdZ2qe1Mr1y/zOopwDCdwBi6cQx2uoQFNIPAIz/AKb9aT9WK9Wx/z0YKV7xzCH1ifP4JklcE=</latexit> aGoal: Recover the


manifold

a
Data sampled 

from manifold

⇢ Rp
<latexit sha1_base64="PfHETrGmM018sqe2izU2ztn4oN4=">AAAB/3icbVC7TsMwFL0pr1JeASQWFosWialKusBYwcJYEH1ITagc12mtOk5kO0hV6MCvsDCAECu/wcbf4LYZoOVIlo7OuVf3+AQJZ0o7zrdVWFldW98obpa2tnd29+z9g5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HV1G8/UKlYLO70OKF+hAeChYxgbaSefVTxVBooqpEXYT0Mgux2cp9UenbZqTozoGXi5qQMORo9+8vrxySNqNCEY6W6rpNoP8NSM8LppOSliiaYjPCAdg0VOKLKz2b5J+jUKH0UxtI8odFM/b2R4UipcRSYyWlItehNxf+8bqrDCz9jIkk1FWR+KEw50jGaloH6TFKi+dgQTCQzWREZYomJNpWVTAnu4peXSatWdZ2qe1Mr1y/zOopwDCdwBi6cQx2uoQFNIPAIz/AKb9aT9WK9Wx/z0YKV7xzCH1ifP4JklcE=</latexit><latexit sha1_base64="PfHETrGmM018sqe2izU2ztn4oN4=">AAAB/3icbVC7TsMwFL0pr1JeASQWFosWialKusBYwcJYEH1ITagc12mtOk5kO0hV6MCvsDCAECu/wcbf4LYZoOVIlo7OuVf3+AQJZ0o7zrdVWFldW98obpa2tnd29+z9g5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HV1G8/UKlYLO70OKF+hAeChYxgbaSefVTxVBooqpEXYT0Mgux2cp9UenbZqTozoGXi5qQMORo9+8vrxySNqNCEY6W6rpNoP8NSM8LppOSliiaYjPCAdg0VOKLKz2b5J+jUKH0UxtI8odFM/b2R4UipcRSYyWlItehNxf+8bqrDCz9jIkk1FWR+KEw50jGaloH6TFKi+dgQTCQzWREZYomJNpWVTAnu4peXSatWdZ2qe1Mr1y/zOopwDCdwBi6cQx2uoQFNIPAIz/AKb9aT9WK9Wx/z0YKV7xzCH1ifP4JklcE=</latexit><latexit sha1_base64="PfHETrGmM018sqe2izU2ztn4oN4=">AAAB/3icbVC7TsMwFL0pr1JeASQWFosWialKusBYwcJYEH1ITagc12mtOk5kO0hV6MCvsDCAECu/wcbf4LYZoOVIlo7OuVf3+AQJZ0o7zrdVWFldW98obpa2tnd29+z9g5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HV1G8/UKlYLO70OKF+hAeChYxgbaSefVTxVBooqpEXYT0Mgux2cp9UenbZqTozoGXi5qQMORo9+8vrxySNqNCEY6W6rpNoP8NSM8LppOSliiaYjPCAdg0VOKLKz2b5J+jUKH0UxtI8odFM/b2R4UipcRSYyWlItehNxf+8bqrDCz9jIkk1FWR+KEw50jGaloH6TFKi+dgQTCQzWREZYomJNpWVTAnu4peXSatWdZ2qe1Mr1y/zOopwDCdwBi6cQx2uoQFNIPAIz/AKb9aT9WK9Wx/z0YKV7xzCH1ifP4JklcE=</latexit><latexit sha1_base64="PfHETrGmM018sqe2izU2ztn4oN4=">AAAB/3icbVC7TsMwFL0pr1JeASQWFosWialKusBYwcJYEH1ITagc12mtOk5kO0hV6MCvsDCAECu/wcbf4LYZoOVIlo7OuVf3+AQJZ0o7zrdVWFldW98obpa2tnd29+z9g5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HV1G8/UKlYLO70OKF+hAeChYxgbaSefVTxVBooqpEXYT0Mgux2cp9UenbZqTozoGXi5qQMORo9+8vrxySNqNCEY6W6rpNoP8NSM8LppOSliiaYjPCAdg0VOKLKz2b5J+jUKH0UxtI8odFM/b2R4UipcRSYyWlItehNxf+8bqrDCz9jIkk1FWR+KEw50jGaloH6TFKi+dgQTCQzWREZYomJNpWVTAnu4peXSatWdZ2qe1Mr1y/zOopwDCdwBi6cQx2uoQFNIPAIz/AKb9aT9WK9Wx/z0YKV7xzCH1ifP4JklcE=</latexit>

High dimensional 

data set (usually noisy)

x1
<latexit sha1_base64="3wnn1HLNdhsF0otyIlS/YK6DCbs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+V+2XK27NXYCsEy8nFcjR7Je/eoOEZTFXyCQ1puu5KQZTqlEwyWelXmZ4StmYDnnXUkVjboLp4tgZubDKgESJtqWQLNTfE1MaGzOJQ9sZUxyZVW8u/ud1M4yug6lQaYZcseWiKJMEEzL/nAyE5gzlxBLKtLC3EjaimjK0+ZRsCN7qy+ukVa95bs27r1caN3kcRTiDc7gED66gAXfQBB8YCHiGV3hzlPPivDsfy9aCk8+cwh84nz/Dmo36</latexit><latexit sha1_base64="3wnn1HLNdhsF0otyIlS/YK6DCbs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+V+2XK27NXYCsEy8nFcjR7Je/eoOEZTFXyCQ1puu5KQZTqlEwyWelXmZ4StmYDnnXUkVjboLp4tgZubDKgESJtqWQLNTfE1MaGzOJQ9sZUxyZVW8u/ud1M4yug6lQaYZcseWiKJMEEzL/nAyE5gzlxBLKtLC3EjaimjK0+ZRsCN7qy+ukVa95bs27r1caN3kcRTiDc7gED66gAXfQBB8YCHiGV3hzlPPivDsfy9aCk8+cwh84nz/Dmo36</latexit><latexit sha1_base64="3wnn1HLNdhsF0otyIlS/YK6DCbs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+V+2XK27NXYCsEy8nFcjR7Je/eoOEZTFXyCQ1puu5KQZTqlEwyWelXmZ4StmYDnnXUkVjboLp4tgZubDKgESJtqWQLNTfE1MaGzOJQ9sZUxyZVW8u/ud1M4yug6lQaYZcseWiKJMEEzL/nAyE5gzlxBLKtLC3EjaimjK0+ZRsCN7qy+ukVa95bs27r1caN3kcRTiDc7gED66gAXfQBB8YCHiGV3hzlPPivDsfy9aCk8+cwh84nz/Dmo36</latexit><latexit sha1_base64="3wnn1HLNdhsF0otyIlS/YK6DCbs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+V+2XK27NXYCsEy8nFcjR7Je/eoOEZTFXyCQ1puu5KQZTqlEwyWelXmZ4StmYDnnXUkVjboLp4tgZubDKgESJtqWQLNTfE1MaGzOJQ9sZUxyZVW8u/ud1M4yug6lQaYZcseWiKJMEEzL/nAyE5gzlxBLKtLC3EjaimjK0+ZRsCN7qy+ukVa95bs27r1caN3kcRTiDc7gED66gAXfQBB8YCHiGV3hzlPPivDsfy9aCk8+cwh84nz/Dmo36</latexit>

xn
<latexit sha1_base64="Vymo8fB6RrflBvz8ODlJfpijJtI=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+qvbLFbfmLkDWiZeTCuRo9stfvUHCspgrZJIa0/XcFIMp1SiY5LNSLzM8pWxMh7xrqaIxN8F0ceyMXFhlQKJE21JIFurviSmNjZnEoe2MKY7MqjcX//O6GUbXwVSoNEOu2HJRlEmCCZl/TgZCc4ZyYgllWthbCRtRTRnafEo2BG/15XXSqtc8t+bd1yuNmzyOIpzBOVyCB1fQgDtogg8MBDzDK7w5ynlx3p2PZWvByWdO4Q+czx8gWo43</latexit><latexit sha1_base64="Vymo8fB6RrflBvz8ODlJfpijJtI=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+qvbLFbfmLkDWiZeTCuRo9stfvUHCspgrZJIa0/XcFIMp1SiY5LNSLzM8pWxMh7xrqaIxN8F0ceyMXFhlQKJE21JIFurviSmNjZnEoe2MKY7MqjcX//O6GUbXwVSoNEOu2HJRlEmCCZl/TgZCc4ZyYgllWthbCRtRTRnafEo2BG/15XXSqtc8t+bd1yuNmzyOIpzBOVyCB1fQgDtogg8MBDzDK7w5ynlx3p2PZWvByWdO4Q+czx8gWo43</latexit><latexit sha1_base64="Vymo8fB6RrflBvz8ODlJfpijJtI=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+qvbLFbfmLkDWiZeTCuRo9stfvUHCspgrZJIa0/XcFIMp1SiY5LNSLzM8pWxMh7xrqaIxN8F0ceyMXFhlQKJE21JIFurviSmNjZnEoe2MKY7MqjcX//O6GUbXwVSoNEOu2HJRlEmCCZl/TgZCc4ZyYgllWthbCRtRTRnafEo2BG/15XXSqtc8t+bd1yuNmzyOIpzBOVyCB1fQgDtogg8MBDzDK7w5ynlx3p2PZWvByWdO4Q+czx8gWo43</latexit><latexit sha1_base64="Vymo8fB6RrflBvz8ODlJfpijJtI=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+qvbLFbfmLkDWiZeTCuRo9stfvUHCspgrZJIa0/XcFIMp1SiY5LNSLzM8pWxMh7xrqaIxN8F0ceyMXFhlQKJE21JIFurviSmNjZnEoe2MKY7MqjcX//O6GUbXwVSoNEOu2HJRlEmCCZl/TgZCc4ZyYgllWthbCRtRTRnafEo2BG/15XXSqtc8t+bd1yuNmzyOIpzBOVyCB1fQgDtogg8MBDzDK7w5ynlx3p2PZWvByWdO4Q+czx8gWo43</latexit>

High dimensional data

Complicated data structure

Modeled by a low dimensional manifold

Can be more general, like bundle, metric space …. 

But we will focus on this challenging enough case



Back to the ECG example 
Wave-shape manifold model

• Physiological facts: 
 there is a variation but it 
 does not go crazy or random 

•  Model/parametrize wave-shapes 
 by a low-dim manifold

a ⇢ L2
<latexit sha1_base64="UotYxgKzNgUsZ+c6qPNZKVx9RhU=">AAAB9HicbVA9TwJBEJ3zE/ELtbTZCCZW5I5GS6KNhQUm8pHASfaWPdiwt3fuzpEQwu+wsdAYW3+Mnf/GBa5Q8CWTvLw3k5l5QSKFQdf9dtbWNza3tnM7+d29/YPDwtFxw8SpZrzOYhnrVkANl0LxOgqUvJVoTqNA8mYwvJn5zRHXRsTqAccJ9yPaVyIUjKKV/FLHpIHhSO4eK6VuoeiW3TnIKvEyUoQMtW7hq9OLWRpxhUxSY9qem6A/oRoFk3ya76SGJ5QNaZ+3LVU04safzI+eknOr9EgYa1sKyVz9PTGhkTHjKLCdEcWBWfZm4n9eO8Xwyp8IlaTIFVssClNJMCazBEhPaM5Qji2hTAt7K2EDqilDm1PehuAtv7xKGpWy55a9+0qxep3FkYNTOIML8OASqnALNagDgyd4hld4c0bOi/PufCxa15xs5gT+wPn8AWilkTA=</latexit><latexit sha1_base64="UotYxgKzNgUsZ+c6qPNZKVx9RhU=">AAAB9HicbVA9TwJBEJ3zE/ELtbTZCCZW5I5GS6KNhQUm8pHASfaWPdiwt3fuzpEQwu+wsdAYW3+Mnf/GBa5Q8CWTvLw3k5l5QSKFQdf9dtbWNza3tnM7+d29/YPDwtFxw8SpZrzOYhnrVkANl0LxOgqUvJVoTqNA8mYwvJn5zRHXRsTqAccJ9yPaVyIUjKKV/FLHpIHhSO4eK6VuoeiW3TnIKvEyUoQMtW7hq9OLWRpxhUxSY9qem6A/oRoFk3ya76SGJ5QNaZ+3LVU04safzI+eknOr9EgYa1sKyVz9PTGhkTHjKLCdEcWBWfZm4n9eO8Xwyp8IlaTIFVssClNJMCazBEhPaM5Qji2hTAt7K2EDqilDm1PehuAtv7xKGpWy55a9+0qxep3FkYNTOIML8OASqnALNagDgyd4hld4c0bOi/PufCxa15xs5gT+wPn8AWilkTA=</latexit><latexit sha1_base64="UotYxgKzNgUsZ+c6qPNZKVx9RhU=">AAAB9HicbVA9TwJBEJ3zE/ELtbTZCCZW5I5GS6KNhQUm8pHASfaWPdiwt3fuzpEQwu+wsdAYW3+Mnf/GBa5Q8CWTvLw3k5l5QSKFQdf9dtbWNza3tnM7+d29/YPDwtFxw8SpZrzOYhnrVkANl0LxOgqUvJVoTqNA8mYwvJn5zRHXRsTqAccJ9yPaVyIUjKKV/FLHpIHhSO4eK6VuoeiW3TnIKvEyUoQMtW7hq9OLWRpxhUxSY9qem6A/oRoFk3ya76SGJ5QNaZ+3LVU04safzI+eknOr9EgYa1sKyVz9PTGhkTHjKLCdEcWBWfZm4n9eO8Xwyp8IlaTIFVssClNJMCazBEhPaM5Qji2hTAt7K2EDqilDm1PehuAtv7xKGpWy55a9+0qxep3FkYNTOIML8OASqnALNagDgyd4hld4c0bOi/PufCxa15xs5gT+wPn8AWilkTA=</latexit><latexit sha1_base64="UotYxgKzNgUsZ+c6qPNZKVx9RhU=">AAAB9HicbVA9TwJBEJ3zE/ELtbTZCCZW5I5GS6KNhQUm8pHASfaWPdiwt3fuzpEQwu+wsdAYW3+Mnf/GBa5Q8CWTvLw3k5l5QSKFQdf9dtbWNza3tnM7+d29/YPDwtFxw8SpZrzOYhnrVkANl0LxOgqUvJVoTqNA8mYwvJn5zRHXRsTqAccJ9yPaVyIUjKKV/FLHpIHhSO4eK6VuoeiW3TnIKvEyUoQMtW7hq9OLWRpxhUxSY9qem6A/oRoFk3ya76SGJ5QNaZ+3LVU04safzI+eknOr9EgYa1sKyVz9PTGhkTHjKLCdEcWBWfZm4n9eO8Xwyp8IlaTIFVssClNJMCazBEhPaM5Qji2hTAt7K2EDqilDm1PehuAtv7xKGpWy55a9+0qxep3FkYNTOIML8OASqnALNagDgyd4hld4c0bOi/PufCxa15xs5gT+wPn8AWilkTA=</latexit>

Lin & Malik & W., 2019, arXiv



Back to the ECG example 
Data preparation step

x1
<latexit sha1_base64="3wnn1HLNdhsF0otyIlS/YK6DCbs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+V+2XK27NXYCsEy8nFcjR7Je/eoOEZTFXyCQ1puu5KQZTqlEwyWelXmZ4StmYDnnXUkVjboLp4tgZubDKgESJtqWQLNTfE1MaGzOJQ9sZUxyZVW8u/ud1M4yug6lQaYZcseWiKJMEEzL/nAyE5gzlxBLKtLC3EjaimjK0+ZRsCN7qy+ukVa95bs27r1caN3kcRTiDc7gED66gAXfQBB8YCHiGV3hzlPPivDsfy9aCk8+cwh84nz/Dmo36</latexit><latexit sha1_base64="3wnn1HLNdhsF0otyIlS/YK6DCbs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+V+2XK27NXYCsEy8nFcjR7Je/eoOEZTFXyCQ1puu5KQZTqlEwyWelXmZ4StmYDnnXUkVjboLp4tgZubDKgESJtqWQLNTfE1MaGzOJQ9sZUxyZVW8u/ud1M4yug6lQaYZcseWiKJMEEzL/nAyE5gzlxBLKtLC3EjaimjK0+ZRsCN7qy+ukVa95bs27r1caN3kcRTiDc7gED66gAXfQBB8YCHiGV3hzlPPivDsfy9aCk8+cwh84nz/Dmo36</latexit><latexit sha1_base64="3wnn1HLNdhsF0otyIlS/YK6DCbs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+V+2XK27NXYCsEy8nFcjR7Je/eoOEZTFXyCQ1puu5KQZTqlEwyWelXmZ4StmYDnnXUkVjboLp4tgZubDKgESJtqWQLNTfE1MaGzOJQ9sZUxyZVW8u/ud1M4yug6lQaYZcseWiKJMEEzL/nAyE5gzlxBLKtLC3EjaimjK0+ZRsCN7qy+ukVa95bs27r1caN3kcRTiDc7gED66gAXfQBB8YCHiGV3hzlPPivDsfy9aCk8+cwh84nz/Dmo36</latexit><latexit sha1_base64="3wnn1HLNdhsF0otyIlS/YK6DCbs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+V+2XK27NXYCsEy8nFcjR7Je/eoOEZTFXyCQ1puu5KQZTqlEwyWelXmZ4StmYDnnXUkVjboLp4tgZubDKgESJtqWQLNTfE1MaGzOJQ9sZUxyZVW8u/ud1M4yug6lQaYZcseWiKJMEEzL/nAyE5gzlxBLKtLC3EjaimjK0+ZRsCN7qy+ukVa95bs27r1caN3kcRTiDc7gED66gAXfQBB8YCHiGV3hzlPPivDsfy9aCk8+cwh84nz/Dmo36</latexit>

xn
<latexit sha1_base64="Vymo8fB6RrflBvz8ODlJfpijJtI=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+qvbLFbfmLkDWiZeTCuRo9stfvUHCspgrZJIa0/XcFIMp1SiY5LNSLzM8pWxMh7xrqaIxN8F0ceyMXFhlQKJE21JIFurviSmNjZnEoe2MKY7MqjcX//O6GUbXwVSoNEOu2HJRlEmCCZl/TgZCc4ZyYgllWthbCRtRTRnafEo2BG/15XXSqtc8t+bd1yuNmzyOIpzBOVyCB1fQgDtogg8MBDzDK7w5ynlx3p2PZWvByWdO4Q+czx8gWo43</latexit><latexit sha1_base64="Vymo8fB6RrflBvz8ODlJfpijJtI=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+qvbLFbfmLkDWiZeTCuRo9stfvUHCspgrZJIa0/XcFIMp1SiY5LNSLzM8pWxMh7xrqaIxN8F0ceyMXFhlQKJE21JIFurviSmNjZnEoe2MKY7MqjcX//O6GUbXwVSoNEOu2HJRlEmCCZl/TgZCc4ZyYgllWthbCRtRTRnafEo2BG/15XXSqtc8t+bd1yuNmzyOIpzBOVyCB1fQgDtogg8MBDzDK7w5ynlx3p2PZWvByWdO4Q+czx8gWo43</latexit><latexit sha1_base64="Vymo8fB6RrflBvz8ODlJfpijJtI=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+qvbLFbfmLkDWiZeTCuRo9stfvUHCspgrZJIa0/XcFIMp1SiY5LNSLzM8pWxMh7xrqaIxN8F0ceyMXFhlQKJE21JIFurviSmNjZnEoe2MKY7MqjcX//O6GUbXwVSoNEOu2HJRlEmCCZl/TgZCc4ZyYgllWthbCRtRTRnafEo2BG/15XXSqtc8t+bd1yuNmzyOIpzBOVyCB1fQgDtogg8MBDzDK7w5ynlx3p2PZWvByWdO4Q+czx8gWo43</latexit><latexit sha1_base64="Vymo8fB6RrflBvz8ODlJfpijJtI=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+qvbLFbfmLkDWiZeTCuRo9stfvUHCspgrZJIa0/XcFIMp1SiY5LNSLzM8pWxMh7xrqaIxN8F0ceyMXFhlQKJE21JIFurviSmNjZnEoe2MKY7MqjcX//O6GUbXwVSoNEOu2HJRlEmCCZl/TgZCc4ZyYgllWthbCRtRTRnafEo2BG/15XXSqtc8t+bd1yuNmzyOIpzBOVyCB1fQgDtogg8MBDzDK7w5ynlx3p2PZWvByWdO4Q+czx8gWo43</latexit>

...
<latexit sha1_base64="UrxmOt+Lq+Cau1WMUgLWgiCLpoM=">AAAB73icbVC7TsNAEFzzDOEVoKSxSJCoIjsNlBE0lEEiDymxovP5nJxyvjN360iRlZ+goQAhWn6Hjr/h8iggYaSVRjO72t0JU8ENet63s7G5tb2zW9gr7h8cHh2XTk5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0EqdSm8cKTSVfqnsVb053HXiL0kZlmj0S1+9SNEsYRKpIMZ0fS/FICcaORVsWuxlhqWEjsiAdS2VJGEmyOf3Tt1Lq0RurLQtie5c/T2Rk8SYSRLazoTg0Kx6M/E/r5thfBPkXKYZMkkXi+JMuKjc2fNuxDWjKCaWEKq5vdWlQ6IJRRtR0Ybgr768Tlq1qu9V/YdauX67jKMA53ABV+DDNdThHhrQBAoCnuEV3pwn58V5dz4WrRvOcuYM/sD5/AGFZI+c</latexit><latexit sha1_base64="UrxmOt+Lq+Cau1WMUgLWgiCLpoM=">AAAB73icbVC7TsNAEFzzDOEVoKSxSJCoIjsNlBE0lEEiDymxovP5nJxyvjN360iRlZ+goQAhWn6Hjr/h8iggYaSVRjO72t0JU8ENet63s7G5tb2zW9gr7h8cHh2XTk5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0EqdSm8cKTSVfqnsVb053HXiL0kZlmj0S1+9SNEsYRKpIMZ0fS/FICcaORVsWuxlhqWEjsiAdS2VJGEmyOf3Tt1Lq0RurLQtie5c/T2Rk8SYSRLazoTg0Kx6M/E/r5thfBPkXKYZMkkXi+JMuKjc2fNuxDWjKCaWEKq5vdWlQ6IJRRtR0Ybgr768Tlq1qu9V/YdauX67jKMA53ABV+DDNdThHhrQBAoCnuEV3pwn58V5dz4WrRvOcuYM/sD5/AGFZI+c</latexit><latexit sha1_base64="UrxmOt+Lq+Cau1WMUgLWgiCLpoM=">AAAB73icbVC7TsNAEFzzDOEVoKSxSJCoIjsNlBE0lEEiDymxovP5nJxyvjN360iRlZ+goQAhWn6Hjr/h8iggYaSVRjO72t0JU8ENet63s7G5tb2zW9gr7h8cHh2XTk5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0EqdSm8cKTSVfqnsVb053HXiL0kZlmj0S1+9SNEsYRKpIMZ0fS/FICcaORVsWuxlhqWEjsiAdS2VJGEmyOf3Tt1Lq0RurLQtie5c/T2Rk8SYSRLazoTg0Kx6M/E/r5thfBPkXKYZMkkXi+JMuKjc2fNuxDWjKCaWEKq5vdWlQ6IJRRtR0Ybgr768Tlq1qu9V/YdauX67jKMA53ABV+DDNdThHhrQBAoCnuEV3pwn58V5dz4WrRvOcuYM/sD5/AGFZI+c</latexit><latexit sha1_base64="UrxmOt+Lq+Cau1WMUgLWgiCLpoM=">AAAB73icbVC7TsNAEFzzDOEVoKSxSJCoIjsNlBE0lEEiDymxovP5nJxyvjN360iRlZ+goQAhWn6Hjr/h8iggYaSVRjO72t0JU8ENet63s7G5tb2zW9gr7h8cHh2XTk5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0EqdSm8cKTSVfqnsVb053HXiL0kZlmj0S1+9SNEsYRKpIMZ0fS/FICcaORVsWuxlhqWEjsiAdS2VJGEmyOf3Tt1Lq0RurLQtie5c/T2Rk8SYSRLazoTg0Kx6M/E/r5thfBPkXKYZMkkXi+JMuKjc2fNuxDWjKCaWEKq5vdWlQ6IJRRtR0Ybgr768Tlq1qu9V/YdauX67jKMA53ABV+DDNdThHhrQBAoCnuEV3pwn58V5dz4WrRvOcuYM/sD5/AGFZI+c</latexit>

discretization

⇢ Rp
<latexit sha1_base64="PfHETrGmM018sqe2izU2ztn4oN4=">AAAB/3icbVC7TsMwFL0pr1JeASQWFosWialKusBYwcJYEH1ITagc12mtOk5kO0hV6MCvsDCAECu/wcbf4LYZoOVIlo7OuVf3+AQJZ0o7zrdVWFldW98obpa2tnd29+z9g5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HV1G8/UKlYLO70OKF+hAeChYxgbaSefVTxVBooqpEXYT0Mgux2cp9UenbZqTozoGXi5qQMORo9+8vrxySNqNCEY6W6rpNoP8NSM8LppOSliiaYjPCAdg0VOKLKz2b5J+jUKH0UxtI8odFM/b2R4UipcRSYyWlItehNxf+8bqrDCz9jIkk1FWR+KEw50jGaloH6TFKi+dgQTCQzWREZYomJNpWVTAnu4peXSatWdZ2qe1Mr1y/zOopwDCdwBi6cQx2uoQFNIPAIz/AKb9aT9WK9Wx/z0YKV7xzCH1ifP4JklcE=</latexit><latexit sha1_base64="PfHETrGmM018sqe2izU2ztn4oN4=">AAAB/3icbVC7TsMwFL0pr1JeASQWFosWialKusBYwcJYEH1ITagc12mtOk5kO0hV6MCvsDCAECu/wcbf4LYZoOVIlo7OuVf3+AQJZ0o7zrdVWFldW98obpa2tnd29+z9g5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HV1G8/UKlYLO70OKF+hAeChYxgbaSefVTxVBooqpEXYT0Mgux2cp9UenbZqTozoGXi5qQMORo9+8vrxySNqNCEY6W6rpNoP8NSM8LppOSliiaYjPCAdg0VOKLKz2b5J+jUKH0UxtI8odFM/b2R4UipcRSYyWlItehNxf+8bqrDCz9jIkk1FWR+KEw50jGaloH6TFKi+dgQTCQzWREZYomJNpWVTAnu4peXSatWdZ2qe1Mr1y/zOopwDCdwBi6cQx2uoQFNIPAIz/AKb9aT9WK9Wx/z0YKV7xzCH1ifP4JklcE=</latexit><latexit sha1_base64="PfHETrGmM018sqe2izU2ztn4oN4=">AAAB/3icbVC7TsMwFL0pr1JeASQWFosWialKusBYwcJYEH1ITagc12mtOk5kO0hV6MCvsDCAECu/wcbf4LYZoOVIlo7OuVf3+AQJZ0o7zrdVWFldW98obpa2tnd29+z9g5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HV1G8/UKlYLO70OKF+hAeChYxgbaSefVTxVBooqpEXYT0Mgux2cp9UenbZqTozoGXi5qQMORo9+8vrxySNqNCEY6W6rpNoP8NSM8LppOSliiaYjPCAdg0VOKLKz2b5J+jUKH0UxtI8odFM/b2R4UipcRSYyWlItehNxf+8bqrDCz9jIkk1FWR+KEw50jGaloH6TFKi+dgQTCQzWREZYomJNpWVTAnu4peXSatWdZ2qe1Mr1y/zOopwDCdwBi6cQx2uoQFNIPAIz/AKb9aT9WK9Wx/z0YKV7xzCH1ifP4JklcE=</latexit><latexit sha1_base64="PfHETrGmM018sqe2izU2ztn4oN4=">AAAB/3icbVC7TsMwFL0pr1JeASQWFosWialKusBYwcJYEH1ITagc12mtOk5kO0hV6MCvsDCAECu/wcbf4LYZoOVIlo7OuVf3+AQJZ0o7zrdVWFldW98obpa2tnd29+z9g5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HV1G8/UKlYLO70OKF+hAeChYxgbaSefVTxVBooqpEXYT0Mgux2cp9UenbZqTozoGXi5qQMORo9+8vrxySNqNCEY6W6rpNoP8NSM8LppOSliiaYjPCAdg0VOKLKz2b5J+jUKH0UxtI8odFM/b2R4UipcRSYyWlItehNxf+8bqrDCz9jIkk1FWR+KEw50jGaloH6TFKi+dgQTCQzWREZYomJNpWVTAnu4peXSatWdZ2qe1Mr1y/zOopwDCdwBi6cQx2uoQFNIPAIz/AKb9aT9WK9Wx/z0YKV7xzCH1ifP4JklcE=</latexit> a

Goal: Recover the

manifold & dynamics

High dimensional  
data set/point cloud



Construct affinity graph

a�nity(beati, beatj) = e�kbeati�beatjkL2/✏ =: wij
<latexit sha1_base64="Plnz2ZSFVxr9PaxxFuYiqgF+E/o="></latexit><latexit sha1_base64="Plnz2ZSFVxr9PaxxFuYiqgF+E/o="></latexit><latexit sha1_base64="Plnz2ZSFVxr9PaxxFuYiqgF+E/o="></latexit><latexit sha1_base64="Plnz2ZSFVxr9PaxxFuYiqgF+E/o="></latexit>

x1
<latexit sha1_base64="3wnn1HLNdhsF0otyIlS/YK6DCbs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+V+2XK27NXYCsEy8nFcjR7Je/eoOEZTFXyCQ1puu5KQZTqlEwyWelXmZ4StmYDnnXUkVjboLp4tgZubDKgESJtqWQLNTfE1MaGzOJQ9sZUxyZVW8u/ud1M4yug6lQaYZcseWiKJMEEzL/nAyE5gzlxBLKtLC3EjaimjK0+ZRsCN7qy+ukVa95bs27r1caN3kcRTiDc7gED66gAXfQBB8YCHiGV3hzlPPivDsfy9aCk8+cwh84nz/Dmo36</latexit><latexit sha1_base64="3wnn1HLNdhsF0otyIlS/YK6DCbs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+V+2XK27NXYCsEy8nFcjR7Je/eoOEZTFXyCQ1puu5KQZTqlEwyWelXmZ4StmYDnnXUkVjboLp4tgZubDKgESJtqWQLNTfE1MaGzOJQ9sZUxyZVW8u/ud1M4yug6lQaYZcseWiKJMEEzL/nAyE5gzlxBLKtLC3EjaimjK0+ZRsCN7qy+ukVa95bs27r1caN3kcRTiDc7gED66gAXfQBB8YCHiGV3hzlPPivDsfy9aCk8+cwh84nz/Dmo36</latexit><latexit sha1_base64="3wnn1HLNdhsF0otyIlS/YK6DCbs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+V+2XK27NXYCsEy8nFcjR7Je/eoOEZTFXyCQ1puu5KQZTqlEwyWelXmZ4StmYDnnXUkVjboLp4tgZubDKgESJtqWQLNTfE1MaGzOJQ9sZUxyZVW8u/ud1M4yug6lQaYZcseWiKJMEEzL/nAyE5gzlxBLKtLC3EjaimjK0+ZRsCN7qy+ukVa95bs27r1caN3kcRTiDc7gED66gAXfQBB8YCHiGV3hzlPPivDsfy9aCk8+cwh84nz/Dmo36</latexit><latexit sha1_base64="3wnn1HLNdhsF0otyIlS/YK6DCbs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+V+2XK27NXYCsEy8nFcjR7Je/eoOEZTFXyCQ1puu5KQZTqlEwyWelXmZ4StmYDnnXUkVjboLp4tgZubDKgESJtqWQLNTfE1MaGzOJQ9sZUxyZVW8u/ud1M4yug6lQaYZcseWiKJMEEzL/nAyE5gzlxBLKtLC3EjaimjK0+ZRsCN7qy+ukVa95bs27r1caN3kcRTiDc7gED66gAXfQBB8YCHiGV3hzlPPivDsfy9aCk8+cwh84nz/Dmo36</latexit>

xn
<latexit sha1_base64="Vymo8fB6RrflBvz8ODlJfpijJtI=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+qvbLFbfmLkDWiZeTCuRo9stfvUHCspgrZJIa0/XcFIMp1SiY5LNSLzM8pWxMh7xrqaIxN8F0ceyMXFhlQKJE21JIFurviSmNjZnEoe2MKY7MqjcX//O6GUbXwVSoNEOu2HJRlEmCCZl/TgZCc4ZyYgllWthbCRtRTRnafEo2BG/15XXSqtc8t+bd1yuNmzyOIpzBOVyCB1fQgDtogg8MBDzDK7w5ynlx3p2PZWvByWdO4Q+czx8gWo43</latexit><latexit sha1_base64="Vymo8fB6RrflBvz8ODlJfpijJtI=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+qvbLFbfmLkDWiZeTCuRo9stfvUHCspgrZJIa0/XcFIMp1SiY5LNSLzM8pWxMh7xrqaIxN8F0ceyMXFhlQKJE21JIFurviSmNjZnEoe2MKY7MqjcX//O6GUbXwVSoNEOu2HJRlEmCCZl/TgZCc4ZyYgllWthbCRtRTRnafEo2BG/15XXSqtc8t+bd1yuNmzyOIpzBOVyCB1fQgDtogg8MBDzDK7w5ynlx3p2PZWvByWdO4Q+czx8gWo43</latexit><latexit sha1_base64="Vymo8fB6RrflBvz8ODlJfpijJtI=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+qvbLFbfmLkDWiZeTCuRo9stfvUHCspgrZJIa0/XcFIMp1SiY5LNSLzM8pWxMh7xrqaIxN8F0ceyMXFhlQKJE21JIFurviSmNjZnEoe2MKY7MqjcX//O6GUbXwVSoNEOu2HJRlEmCCZl/TgZCc4ZyYgllWthbCRtRTRnafEo2BG/15XXSqtc8t+bd1yuNmzyOIpzBOVyCB1fQgDtogg8MBDzDK7w5ynlx3p2PZWvByWdO4Q+czx8gWo43</latexit><latexit sha1_base64="Vymo8fB6RrflBvz8ODlJfpijJtI=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+qvbLFbfmLkDWiZeTCuRo9stfvUHCspgrZJIa0/XcFIMp1SiY5LNSLzM8pWxMh7xrqaIxN8F0ceyMXFhlQKJE21JIFurviSmNjZnEoe2MKY7MqjcX//O6GUbXwVSoNEOu2HJRlEmCCZl/TgZCc4ZyYgllWthbCRtRTRnafEo2BG/15XXSqtc8t+bd1yuNmzyOIpzBOVyCB1fQgDtogg8MBDzDK7w5ynlx3p2PZWvByWdO4Q+czx8gWo43</latexit>

⇢ Rp
<latexit sha1_base64="PfHETrGmM018sqe2izU2ztn4oN4=">AAAB/3icbVC7TsMwFL0pr1JeASQWFosWialKusBYwcJYEH1ITagc12mtOk5kO0hV6MCvsDCAECu/wcbf4LYZoOVIlo7OuVf3+AQJZ0o7zrdVWFldW98obpa2tnd29+z9g5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HV1G8/UKlYLO70OKF+hAeChYxgbaSefVTxVBooqpEXYT0Mgux2cp9UenbZqTozoGXi5qQMORo9+8vrxySNqNCEY6W6rpNoP8NSM8LppOSliiaYjPCAdg0VOKLKz2b5J+jUKH0UxtI8odFM/b2R4UipcRSYyWlItehNxf+8bqrDCz9jIkk1FWR+KEw50jGaloH6TFKi+dgQTCQzWREZYomJNpWVTAnu4peXSatWdZ2qe1Mr1y/zOopwDCdwBi6cQx2uoQFNIPAIz/AKb9aT9WK9Wx/z0YKV7xzCH1ifP4JklcE=</latexit><latexit sha1_base64="PfHETrGmM018sqe2izU2ztn4oN4=">AAAB/3icbVC7TsMwFL0pr1JeASQWFosWialKusBYwcJYEH1ITagc12mtOk5kO0hV6MCvsDCAECu/wcbf4LYZoOVIlo7OuVf3+AQJZ0o7zrdVWFldW98obpa2tnd29+z9g5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HV1G8/UKlYLO70OKF+hAeChYxgbaSefVTxVBooqpEXYT0Mgux2cp9UenbZqTozoGXi5qQMORo9+8vrxySNqNCEY6W6rpNoP8NSM8LppOSliiaYjPCAdg0VOKLKz2b5J+jUKH0UxtI8odFM/b2R4UipcRSYyWlItehNxf+8bqrDCz9jIkk1FWR+KEw50jGaloH6TFKi+dgQTCQzWREZYomJNpWVTAnu4peXSatWdZ2qe1Mr1y/zOopwDCdwBi6cQx2uoQFNIPAIz/AKb9aT9WK9Wx/z0YKV7xzCH1ifP4JklcE=</latexit><latexit sha1_base64="PfHETrGmM018sqe2izU2ztn4oN4=">AAAB/3icbVC7TsMwFL0pr1JeASQWFosWialKusBYwcJYEH1ITagc12mtOk5kO0hV6MCvsDCAECu/wcbf4LYZoOVIlo7OuVf3+AQJZ0o7zrdVWFldW98obpa2tnd29+z9g5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HV1G8/UKlYLO70OKF+hAeChYxgbaSefVTxVBooqpEXYT0Mgux2cp9UenbZqTozoGXi5qQMORo9+8vrxySNqNCEY6W6rpNoP8NSM8LppOSliiaYjPCAdg0VOKLKz2b5J+jUKH0UxtI8odFM/b2R4UipcRSYyWlItehNxf+8bqrDCz9jIkk1FWR+KEw50jGaloH6TFKi+dgQTCQzWREZYomJNpWVTAnu4peXSatWdZ2qe1Mr1y/zOopwDCdwBi6cQx2uoQFNIPAIz/AKb9aT9WK9Wx/z0YKV7xzCH1ifP4JklcE=</latexit><latexit sha1_base64="PfHETrGmM018sqe2izU2ztn4oN4=">AAAB/3icbVC7TsMwFL0pr1JeASQWFosWialKusBYwcJYEH1ITagc12mtOk5kO0hV6MCvsDCAECu/wcbf4LYZoOVIlo7OuVf3+AQJZ0o7zrdVWFldW98obpa2tnd29+z9g5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HV1G8/UKlYLO70OKF+hAeChYxgbaSefVTxVBooqpEXYT0Mgux2cp9UenbZqTozoGXi5qQMORo9+8vrxySNqNCEY6W6rpNoP8NSM8LppOSliiaYjPCAdg0VOKLKz2b5J+jUKH0UxtI8odFM/b2R4UipcRSYyWlItehNxf+8bqrDCz9jIkk1FWR+KEw50jGaloH6TFKi+dgQTCQzWREZYomJNpWVTAnu4peXSatWdZ2qe1Mr1y/zOopwDCdwBi6cQx2uoQFNIPAIz/AKb9aT9WK9Wx/z0YKV7xzCH1ifP4JklcE=</latexit>

…
…

Similar beats have smaller distance & larger affinity

Can consider more complicated metric & kernel

But we will focus on this simple case



Construct graph Laplacian (GL)

W (i, j) =

⇢
wij (i, j) 2 E
0 otherwise

D(i, i) =
nX

k=1

wij

The normalized graph Laplacian

I �D�1W

nxn affinity matrix

nxn diagonal degree matrix

D�1Wv(i) =

Pn
j=1 wijvjPn
j=1 wij

<latexit sha1_base64="6nsSWPdoFaD6imzuvBpVlUzm2FA=">AAACKXicbVDLTsJAFJ3iC/FVdemmkZjgQtKy0Q0JURcuMZFHQkszHaYwMJ02M1MMafo7bvwVN5po1K0/4gBdKHCSm5ycc2/uvceLKBHSNL+03Nr6xuZWfruws7u3f6AfHjVFGHOEGyikIW97UGBKGG5IIiluRxzDwKO45Y1upn5rjLkgIXuQkwg7Aewz4hMEpZJcvWZ3brvJhZW2xiVyXrV9DlFiizhwk2HVSrvs0U3IMB27w3SFnNqOqxfNsjmDsUysjBRBhrqrv9m9EMUBZhJRKETHMiPpJJBLgihOC3YscATRCPZxR1EGAyycZPZpapwppWf4IVfFpDFT/04kMBBiEniqM4ByIBa9qbjK68TSv3ISwqJYYobmi/yYGjI0prEZPcIxknSiCEScqFsNNIAqLKnCLagQrMWXl0mzUrbMsnVfKdauszjy4AScghKwwCWogTtQBw2AwBN4Ae/gQ3vWXrVP7XvemtOymWPwD9rPL4siqBY=</latexit><latexit sha1_base64="6nsSWPdoFaD6imzuvBpVlUzm2FA=">AAACKXicbVDLTsJAFJ3iC/FVdemmkZjgQtKy0Q0JURcuMZFHQkszHaYwMJ02M1MMafo7bvwVN5po1K0/4gBdKHCSm5ycc2/uvceLKBHSNL+03Nr6xuZWfruws7u3f6AfHjVFGHOEGyikIW97UGBKGG5IIiluRxzDwKO45Y1upn5rjLkgIXuQkwg7Aewz4hMEpZJcvWZ3brvJhZW2xiVyXrV9DlFiizhwk2HVSrvs0U3IMB27w3SFnNqOqxfNsjmDsUysjBRBhrqrv9m9EMUBZhJRKETHMiPpJJBLgihOC3YscATRCPZxR1EGAyycZPZpapwppWf4IVfFpDFT/04kMBBiEniqM4ByIBa9qbjK68TSv3ISwqJYYobmi/yYGjI0prEZPcIxknSiCEScqFsNNIAqLKnCLagQrMWXl0mzUrbMsnVfKdauszjy4AScghKwwCWogTtQBw2AwBN4Ae/gQ3vWXrVP7XvemtOymWPwD9rPL4siqBY=</latexit><latexit sha1_base64="6nsSWPdoFaD6imzuvBpVlUzm2FA=">AAACKXicbVDLTsJAFJ3iC/FVdemmkZjgQtKy0Q0JURcuMZFHQkszHaYwMJ02M1MMafo7bvwVN5po1K0/4gBdKHCSm5ycc2/uvceLKBHSNL+03Nr6xuZWfruws7u3f6AfHjVFGHOEGyikIW97UGBKGG5IIiluRxzDwKO45Y1upn5rjLkgIXuQkwg7Aewz4hMEpZJcvWZ3brvJhZW2xiVyXrV9DlFiizhwk2HVSrvs0U3IMB27w3SFnNqOqxfNsjmDsUysjBRBhrqrv9m9EMUBZhJRKETHMiPpJJBLgihOC3YscATRCPZxR1EGAyycZPZpapwppWf4IVfFpDFT/04kMBBiEniqM4ByIBa9qbjK68TSv3ISwqJYYobmi/yYGjI0prEZPcIxknSiCEScqFsNNIAqLKnCLagQrMWXl0mzUrbMsnVfKdauszjy4AScghKwwCWogTtQBw2AwBN4Ae/gQ3vWXrVP7XvemtOymWPwD9rPL4siqBY=</latexit><latexit sha1_base64="6nsSWPdoFaD6imzuvBpVlUzm2FA=">AAACKXicbVDLTsJAFJ3iC/FVdemmkZjgQtKy0Q0JURcuMZFHQkszHaYwMJ02M1MMafo7bvwVN5po1K0/4gBdKHCSm5ycc2/uvceLKBHSNL+03Nr6xuZWfruws7u3f6AfHjVFGHOEGyikIW97UGBKGG5IIiluRxzDwKO45Y1upn5rjLkgIXuQkwg7Aewz4hMEpZJcvWZ3brvJhZW2xiVyXrV9DlFiizhwk2HVSrvs0U3IMB27w3SFnNqOqxfNsjmDsUysjBRBhrqrv9m9EMUBZhJRKETHMiPpJJBLgihOC3YscATRCPZxR1EGAyycZPZpapwppWf4IVfFpDFT/04kMBBiEniqM4ByIBa9qbjK68TSv3ISwqJYYobmi/yYGjI0prEZPcIxknSiCEScqFsNNIAqLKnCLagQrMWXl0mzUrbMsnVfKdauszjy4AScghKwwCWogTtQBw2AwBN4Ae/gQ3vWXrVP7XvemtOymWPwD9rPL4siqBY=</latexit>
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<latexit sha1_base64="ffBZHi4SNJBn3NOJB0XT7R+bBrE=">AAACKHicbVDLSsNAFJ34rPUVdekmWARXJelGN8VSNy4r2AckMUymk3baySTMTCol5HPc+CtuRBTp1i9x0mZRWw8MHM45lzv3+DElQprmTNvY3Nre2S3tlfcPDo+O9ZPTjogSjnAbRTTiPR8KTAnDbUkkxb2YYxj6FHf98V3udyeYCxKxRzmNsRvCASMBQVAqydNvHbvuiCT00lHdyp6Y0yQD2wk4ROmzl5JRlqXLdqHlKXfijRzX0ytm1ZzDWCdWQSqgQMvTP5x+hJIQM4koFMK2zFi6KeSSIIqzspMIHEM0hgNsK8pgiIWbzg/NjEul9I0g4uoxaczV5YkUhkJMQ18lQyiHYtXLxf88O5HBjZsSFicSM7RYFCTUkJGRt2b0CcdI0qkiEHGi/mqgIVQtSdVtWZVgrZ68Tjq1qmVWrYdapdEs6iiBc3ABroAFrkED3IMWaAMEXsAb+ARf2qv2rn1rs0V0QytmzsAfaD+/kfuoIQ==</latexit><latexit sha1_base64="ffBZHi4SNJBn3NOJB0XT7R+bBrE=">AAACKHicbVDLSsNAFJ34rPUVdekmWARXJelGN8VSNy4r2AckMUymk3baySTMTCol5HPc+CtuRBTp1i9x0mZRWw8MHM45lzv3+DElQprmTNvY3Nre2S3tlfcPDo+O9ZPTjogSjnAbRTTiPR8KTAnDbUkkxb2YYxj6FHf98V3udyeYCxKxRzmNsRvCASMBQVAqydNvHbvuiCT00lHdyp6Y0yQD2wk4ROmzl5JRlqXLdqHlKXfijRzX0ytm1ZzDWCdWQSqgQMvTP5x+hJIQM4koFMK2zFi6KeSSIIqzspMIHEM0hgNsK8pgiIWbzg/NjEul9I0g4uoxaczV5YkUhkJMQ18lQyiHYtXLxf88O5HBjZsSFicSM7RYFCTUkJGRt2b0CcdI0qkiEHGi/mqgIVQtSdVtWZVgrZ68Tjq1qmVWrYdapdEs6iiBc3ABroAFrkED3IMWaAMEXsAb+ARf2qv2rn1rs0V0QytmzsAfaD+/kfuoIQ==</latexit><latexit sha1_base64="ffBZHi4SNJBn3NOJB0XT7R+bBrE=">AAACKHicbVDLSsNAFJ34rPUVdekmWARXJelGN8VSNy4r2AckMUymk3baySTMTCol5HPc+CtuRBTp1i9x0mZRWw8MHM45lzv3+DElQprmTNvY3Nre2S3tlfcPDo+O9ZPTjogSjnAbRTTiPR8KTAnDbUkkxb2YYxj6FHf98V3udyeYCxKxRzmNsRvCASMBQVAqydNvHbvuiCT00lHdyp6Y0yQD2wk4ROmzl5JRlqXLdqHlKXfijRzX0ytm1ZzDWCdWQSqgQMvTP5x+hJIQM4koFMK2zFi6KeSSIIqzspMIHEM0hgNsK8pgiIWbzg/NjEul9I0g4uoxaczV5YkUhkJMQ18lQyiHYtXLxf88O5HBjZsSFicSM7RYFCTUkJGRt2b0CcdI0qkiEHGi/mqgIVQtSdVtWZVgrZ68Tjq1qmVWrYdapdEs6iiBc3ABroAFrkED3IMWaAMEXsAb+ARf2qv2rn1rs0V0QytmzsAfaD+/kfuoIQ==</latexit><latexit sha1_base64="ffBZHi4SNJBn3NOJB0XT7R+bBrE=">AAACKHicbVDLSsNAFJ34rPUVdekmWARXJelGN8VSNy4r2AckMUymk3baySTMTCol5HPc+CtuRBTp1i9x0mZRWw8MHM45lzv3+DElQprmTNvY3Nre2S3tlfcPDo+O9ZPTjogSjnAbRTTiPR8KTAnDbUkkxb2YYxj6FHf98V3udyeYCxKxRzmNsRvCASMBQVAqydNvHbvuiCT00lHdyp6Y0yQD2wk4ROmzl5JRlqXLdqHlKXfijRzX0ytm1ZzDWCdWQSqgQMvTP5x+hJIQM4koFMK2zFi6KeSSIIqzspMIHEM0hgNsK8pgiIWbzg/NjEul9I0g4uoxaczV5YkUhkJMQ18lQyiHYtXLxf88O5HBjZsSFicSM7RYFCTUkJGRt2b0CcdI0qkiEHGi/mqgIVQtSdVtWZVgrZ68Tjq1qmVWrYdapdEs6iiBc3ABroAFrkED3IMWaAMEXsAb+ARf2qv2rn1rs0V0QytmzsAfaD+/kfuoIQ==</latexit>

Transition matrix! 
Random walk on the graph



Diffusion map (DM)

Diffusion map

Coifman & Lafon, ACHA 2006

Take t>0

Eigendecomposition

I �D�1W =
nX

l=1

�lulv
>
l

<latexit sha1_base64="eggXL3kfQhF2pY8/bePvSm9tlz8=">AAACF3icbVC7TsMwFHXKq5RXgJElokFiaZV0gaVSBQywFYk+pCaNHMdprTpOZDuVqqh/wcKvsDCAECts/A1umwFajnSlo3Pute89fkKJkJb1rRXW1jc2t4rbpZ3dvf0D/fCoLeKUI9xCMY1514cCU8JwSxJJcTfhGEY+xR1/dD3zO2PMBYnZg5wk2I3ggJGQICiV5OlV07yr3PSzij3t1B2RRl5G6/a0zxyqHgmgR1OPjj3ad2ScmKanl62qNYexSuyclEGOpqd/OUGM0ggziSgUomdbiXQzyCVBFE9LTipwAtEIDnBPUQYjLNxsftfUOFNKYIQxV8WkMVd/T2QwEmIS+aozgnIolr2Z+J/XS2V46WaEJanEDC0+ClNqyNiYhWQEhGMk6UQRiDhRuxpoCDlEUkVZUiHYyyevknataltV+75WblzlcRTBCTgF58AGF6ABbkETtAACj+AZvII37Ul70d61j0VrQctnjsEfaJ8/UGueyw==</latexit><latexit sha1_base64="eggXL3kfQhF2pY8/bePvSm9tlz8=">AAACF3icbVC7TsMwFHXKq5RXgJElokFiaZV0gaVSBQywFYk+pCaNHMdprTpOZDuVqqh/wcKvsDCAECts/A1umwFajnSlo3Pute89fkKJkJb1rRXW1jc2t4rbpZ3dvf0D/fCoLeKUI9xCMY1514cCU8JwSxJJcTfhGEY+xR1/dD3zO2PMBYnZg5wk2I3ggJGQICiV5OlV07yr3PSzij3t1B2RRl5G6/a0zxyqHgmgR1OPjj3ad2ScmKanl62qNYexSuyclEGOpqd/OUGM0ggziSgUomdbiXQzyCVBFE9LTipwAtEIDnBPUQYjLNxsftfUOFNKYIQxV8WkMVd/T2QwEmIS+aozgnIolr2Z+J/XS2V46WaEJanEDC0+ClNqyNiYhWQEhGMk6UQRiDhRuxpoCDlEUkVZUiHYyyevknataltV+75WblzlcRTBCTgF58AGF6ABbkETtAACj+AZvII37Ul70d61j0VrQctnjsEfaJ8/UGueyw==</latexit><latexit sha1_base64="eggXL3kfQhF2pY8/bePvSm9tlz8=">AAACF3icbVC7TsMwFHXKq5RXgJElokFiaZV0gaVSBQywFYk+pCaNHMdprTpOZDuVqqh/wcKvsDCAECts/A1umwFajnSlo3Pute89fkKJkJb1rRXW1jc2t4rbpZ3dvf0D/fCoLeKUI9xCMY1514cCU8JwSxJJcTfhGEY+xR1/dD3zO2PMBYnZg5wk2I3ggJGQICiV5OlV07yr3PSzij3t1B2RRl5G6/a0zxyqHgmgR1OPjj3ad2ScmKanl62qNYexSuyclEGOpqd/OUGM0ggziSgUomdbiXQzyCVBFE9LTipwAtEIDnBPUQYjLNxsftfUOFNKYIQxV8WkMVd/T2QwEmIS+aozgnIolr2Z+J/XS2V46WaEJanEDC0+ClNqyNiYhWQEhGMk6UQRiDhRuxpoCDlEUkVZUiHYyyevknataltV+75WblzlcRTBCTgF58AGF6ABbkETtAACj+AZvII37Ul70d61j0VrQctnjsEfaJ8/UGueyw==</latexit><latexit sha1_base64="eggXL3kfQhF2pY8/bePvSm9tlz8=">AAACF3icbVC7TsMwFHXKq5RXgJElokFiaZV0gaVSBQywFYk+pCaNHMdprTpOZDuVqqh/wcKvsDCAECts/A1umwFajnSlo3Pute89fkKJkJb1rRXW1jc2t4rbpZ3dvf0D/fCoLeKUI9xCMY1514cCU8JwSxJJcTfhGEY+xR1/dD3zO2PMBYnZg5wk2I3ggJGQICiV5OlV07yr3PSzij3t1B2RRl5G6/a0zxyqHgmgR1OPjj3ad2ScmKanl62qNYexSuyclEGOpqd/OUGM0ggziSgUomdbiXQzyCVBFE9LTipwAtEIDnBPUQYjLNxsftfUOFNKYIQxV8WkMVd/T2QwEmIS+aozgnIolr2Z+J/XS2V46WaEJanEDC0+ClNqyNiYhWQEhGMk6UQRiDhRuxpoCDlEUkVZUiHYyyevknataltV+75WblzlcRTBCTgF58AGF6ABbkETtAACj+AZvII37Ul70d61j0VrQctnjsEfaJ8/UGueyw==</latexit>

• Visualize high-dim data

• Dimensional reduction

• Recover nonlinear geometry

• Robust to noise! (later)



Diffusion map (DM)

Diffusion map

Coifman & Lafon, ACHA 2006

Take t>0

• Visualize high-dim data

• Dimensional reduction

• Recover nonlinear geometry

• Robust to noise! (later)

• Large-volume

• High dimensional

• Noisy

• Non-stationarity



Big data v.s. computation
Chao & W., 2019 arXiv 
Chao & Lin & W., 2020 biorXiv

1. Eigendecomposition is expensive. O(n2.89)

2. Existing solutions – (1) kNN; (2) Nystrom; (3) randomized.
<latexit sha1_base64="TwZwnsT4OJxWhl3LX04BVBYOn8M="></latexit><latexit sha1_base64="TwZwnsT4OJxWhl3LX04BVBYOn8M="></latexit><latexit sha1_base64="TwZwnsT4OJxWhl3LX04BVBYOn8M="></latexit><latexit sha1_base64="TwZwnsT4OJxWhl3LX04BVBYOn8M="></latexit>

kNN: 

1. Good if the data is clean, with theoretical supports. 
2. But not robust to noise. 

Nystrom: 

1. Loss geometric information.  
2. Good for spectral clustering (a lot of applications)

randomization: 

1. Do you like to hear “with high probability” when you are seeing a doctor?  
2. Under theoretical exploration for geometric information retrieval …



.
.

Our solution — Roseland 
RObust & ScalablE LANdmark Diffusion

Chao & W., 2019 arXiv 
Chao & Lin & W., 2020 biorXiv

{yj}mj=1 ⇢ M
<latexit sha1_base64="kxI+PJIzWoFdtVgHC39n572IO9Y=">AAACBXicbVDLSsNAFJ34rPUVdamLwUZwVZJudCMU3bgRKtgHNDFMppN22pkkzEyEELpx46+4caGIW//BnX/jtM1CWw9cOJxzL/feEySMSmXb38bS8srq2nppo7y5tb2za+7tt2ScCkyaOGax6ARIEkYj0lRUMdJJBEE8YKQdjK4mfvuBCEnj6E5lCfE46kc0pBgpLfnmkWW5eeYP3bGfDy+c8T13ZRpIouCNZflmxa7aU8BF4hSkAgo0fPPL7cU45SRSmCEpu46dKC9HQlHMyLjsppIkCI9Qn3Q1jRAn0sunX4zhiVZ6MIyFrkjBqfp7IkdcyowHupMjNZDz3kT8z+umKjz3cholqSIRni0KUwZVDCeRwB4VBCuWaYKwoPpWiAdIIKx0cGUdgjP/8iJp1aqOXXVua5X6ZRFHCRyCY3AKHHAG6uAaNEATYPAInsEreDOejBfj3fiYtS4ZxcwB+APj8wcJyZec</latexit><latexit sha1_base64="kxI+PJIzWoFdtVgHC39n572IO9Y=">AAACBXicbVDLSsNAFJ34rPUVdamLwUZwVZJudCMU3bgRKtgHNDFMppN22pkkzEyEELpx46+4caGIW//BnX/jtM1CWw9cOJxzL/feEySMSmXb38bS8srq2nppo7y5tb2za+7tt2ScCkyaOGax6ARIEkYj0lRUMdJJBEE8YKQdjK4mfvuBCEnj6E5lCfE46kc0pBgpLfnmkWW5eeYP3bGfDy+c8T13ZRpIouCNZflmxa7aU8BF4hSkAgo0fPPL7cU45SRSmCEpu46dKC9HQlHMyLjsppIkCI9Qn3Q1jRAn0sunX4zhiVZ6MIyFrkjBqfp7IkdcyowHupMjNZDz3kT8z+umKjz3cholqSIRni0KUwZVDCeRwB4VBCuWaYKwoPpWiAdIIKx0cGUdgjP/8iJp1aqOXXVua5X6ZRFHCRyCY3AKHHAG6uAaNEATYPAInsEreDOejBfj3fiYtS4ZxcwB+APj8wcJyZec</latexit><latexit sha1_base64="kxI+PJIzWoFdtVgHC39n572IO9Y=">AAACBXicbVDLSsNAFJ34rPUVdamLwUZwVZJudCMU3bgRKtgHNDFMppN22pkkzEyEELpx46+4caGIW//BnX/jtM1CWw9cOJxzL/feEySMSmXb38bS8srq2nppo7y5tb2za+7tt2ScCkyaOGax6ARIEkYj0lRUMdJJBEE8YKQdjK4mfvuBCEnj6E5lCfE46kc0pBgpLfnmkWW5eeYP3bGfDy+c8T13ZRpIouCNZflmxa7aU8BF4hSkAgo0fPPL7cU45SRSmCEpu46dKC9HQlHMyLjsppIkCI9Qn3Q1jRAn0sunX4zhiVZ6MIyFrkjBqfp7IkdcyowHupMjNZDz3kT8z+umKjz3cholqSIRni0KUwZVDCeRwB4VBCuWaYKwoPpWiAdIIKx0cGUdgjP/8iJp1aqOXXVua5X6ZRFHCRyCY3AKHHAG6uAaNEATYPAInsEreDOejBfj3fiYtS4ZxcwB+APj8wcJyZec</latexit><latexit sha1_base64="kxI+PJIzWoFdtVgHC39n572IO9Y=">AAACBXicbVDLSsNAFJ34rPUVdamLwUZwVZJudCMU3bgRKtgHNDFMppN22pkkzEyEELpx46+4caGIW//BnX/jtM1CWw9cOJxzL/feEySMSmXb38bS8srq2nppo7y5tb2za+7tt2ScCkyaOGax6ARIEkYj0lRUMdJJBEE8YKQdjK4mfvuBCEnj6E5lCfE46kc0pBgpLfnmkWW5eeYP3bGfDy+c8T13ZRpIouCNZflmxa7aU8BF4hSkAgo0fPPL7cU45SRSmCEpu46dKC9HQlHMyLjsppIkCI9Qn3Q1jRAn0sunX4zhiVZ6MIyFrkjBqfp7IkdcyowHupMjNZDz3kT8z+umKjz3cholqSIRni0KUwZVDCeRwB4VBCuWaYKwoPpWiAdIIKx0cGUdgjP/8iJp1aqOXXVua5X6ZRFHCRyCY3AKHHAG6uAaNEATYPAInsEreDOejBfj3fiYtS4ZxcwB+APj8wcJyZec</latexit>

Landmark set

⇐÷i¥ .
.

Geometric interpretation—“landmark constraint” diffusion

Wij :=
mX

k=1

e�kxi�ykk2/✏e�kyk�xjk2/✏

<latexit sha1_base64="sifPiNrDxQpV3ROvQulmZZl3hw0="></latexit><latexit sha1_base64="sifPiNrDxQpV3ROvQulmZZl3hw0="></latexit><latexit sha1_base64="sifPiNrDxQpV3ROvQulmZZl3hw0="></latexit><latexit sha1_base64="sifPiNrDxQpV3ROvQulmZZl3hw0="></latexit>



Roseland

kNN-DM

Nystrom

Chao & W., 2019 arXiv 
Chao & Lin & W., 2020 biorXiv

Algorithm & complexity analysis

O(n2+✏)
<latexit sha1_base64="QX8uLQ8zRvs47AqL47Uq1yowSOc=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgYboSKUpBtdFt24s4J9QBvLZDpph05mwsxEKCEbf8WNC0Xc+hnu/BunbRbaeuDC4Zx7ufeeIGZUadf9tgorq2vrG8XN0tb2zu6evX/QUiKRmDSxYEJ2AqQIo5w0NdWMdGJJUBQw0g7G11O//UikooLf60lM/AgNOQ0pRtpIffvIceBthT+ktfMeiRVlgmdn0HH6dtmtujPAZeLlpAxyNPr2V28gcBIRrjFDSnU9N9Z+iqSmmJGs1EsUiREeoyHpGspRRJSfzh7I4KlRBjAU0hTXcKb+nkhRpNQkCkxnhPRILXpT8T+vm+jw0k8pjxNNOJ4vChMGtYDTNOCASoI1mxiCsKTmVohHSCKsTWYlE4K3+PIyadWqnlv17mrl+lUeRxEcgxNQAR64AHVwAxqgCTDIwDN4BW/Wk/VivVsf89aClc8cgj+wPn8AliKUdg==</latexit><latexit sha1_base64="QX8uLQ8zRvs47AqL47Uq1yowSOc=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgYboSKUpBtdFt24s4J9QBvLZDpph05mwsxEKCEbf8WNC0Xc+hnu/BunbRbaeuDC4Zx7ufeeIGZUadf9tgorq2vrG8XN0tb2zu6evX/QUiKRmDSxYEJ2AqQIo5w0NdWMdGJJUBQw0g7G11O//UikooLf60lM/AgNOQ0pRtpIffvIceBthT+ktfMeiRVlgmdn0HH6dtmtujPAZeLlpAxyNPr2V28gcBIRrjFDSnU9N9Z+iqSmmJGs1EsUiREeoyHpGspRRJSfzh7I4KlRBjAU0hTXcKb+nkhRpNQkCkxnhPRILXpT8T+vm+jw0k8pjxNNOJ4vChMGtYDTNOCASoI1mxiCsKTmVohHSCKsTWYlE4K3+PIyadWqnlv17mrl+lUeRxEcgxNQAR64AHVwAxqgCTDIwDN4BW/Wk/VivVsf89aClc8cgj+wPn8AliKUdg==</latexit><latexit sha1_base64="QX8uLQ8zRvs47AqL47Uq1yowSOc=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgYboSKUpBtdFt24s4J9QBvLZDpph05mwsxEKCEbf8WNC0Xc+hnu/BunbRbaeuDC4Zx7ufeeIGZUadf9tgorq2vrG8XN0tb2zu6evX/QUiKRmDSxYEJ2AqQIo5w0NdWMdGJJUBQw0g7G11O//UikooLf60lM/AgNOQ0pRtpIffvIceBthT+ktfMeiRVlgmdn0HH6dtmtujPAZeLlpAxyNPr2V28gcBIRrjFDSnU9N9Z+iqSmmJGs1EsUiREeoyHpGspRRJSfzh7I4KlRBjAU0hTXcKb+nkhRpNQkCkxnhPRILXpT8T+vm+jw0k8pjxNNOJ4vChMGtYDTNOCASoI1mxiCsKTmVohHSCKsTWYlE4K3+PIyadWqnlv17mrl+lUeRxEcgxNQAR64AHVwAxqgCTDIwDN4BW/Wk/VivVsf89aClc8cgj+wPn8AliKUdg==</latexit><latexit sha1_base64="QX8uLQ8zRvs47AqL47Uq1yowSOc=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgYboSKUpBtdFt24s4J9QBvLZDpph05mwsxEKCEbf8WNC0Xc+hnu/BunbRbaeuDC4Zx7ufeeIGZUadf9tgorq2vrG8XN0tb2zu6evX/QUiKRmDSxYEJ2AqQIo5w0NdWMdGJJUBQw0g7G11O//UikooLf60lM/AgNOQ0pRtpIffvIceBthT+ktfMeiRVlgmdn0HH6dtmtujPAZeLlpAxyNPr2V28gcBIRrjFDSnU9N9Z+iqSmmJGs1EsUiREeoyHpGspRRJSfzh7I4KlRBjAU0hTXcKb+nkhRpNQkCkxnhPRILXpT8T+vm+jw0k8pjxNNOJ4vChMGtYDTNOCASoI1mxiCsKTmVohHSCKsTWYlE4K3+PIyadWqnlv17mrl+lUeRxEcgxNQAR64AHVwAxqgCTDIwDN4BW/Wk/VivVsf89aClc8cgj+wPn8AliKUdg==</latexit>

O(n1+� + n
3�)

<latexit sha1_base64="GZNTXlDAX/63AJFiVu5NiN0+QBc=">AAACCHicbZC7SgNBFIZnvcZ4W7W0cDARIoGwGwstgzZ2RjAXSNYwOzmbDJmdXWZmhbCktPFVbCwUsfUR7HwbJ5dCE38Y+PjPOZw5vx9zprTjfFtLyyura+uZjezm1vbOrr23X1dRIinUaMQj2fSJAs4E1DTTHJqxBBL6HBr+4GpcbzyAVCwSd3oYgxeSnmABo0Qbq2Mf5fP4piDuU7fY9kGTUdHw2RRPcT7fsXNOyZkIL4I7gxyaqdqxv9rdiCYhCE05UarlOrH2UiI1oxxG2XaiICZ0QHrQMihICMpLJ4eM8IlxujiIpHlC44n7eyIloVLD0DedIdF9NV8bm//VWokOLryUiTjRIOh0UZBwrCM8TgV3mQSq+dAAoZKZv2LaJ5JQbbLLmhDc+ZMXoV4uuU7JvS3nKpezODLoEB2jAnLROaqga1RFNUTRI3pGr+jNerJerHfrY9q6ZM1mDtAfWZ8/J36XgQ==</latexit><latexit sha1_base64="GZNTXlDAX/63AJFiVu5NiN0+QBc=">AAACCHicbZC7SgNBFIZnvcZ4W7W0cDARIoGwGwstgzZ2RjAXSNYwOzmbDJmdXWZmhbCktPFVbCwUsfUR7HwbJ5dCE38Y+PjPOZw5vx9zprTjfFtLyyura+uZjezm1vbOrr23X1dRIinUaMQj2fSJAs4E1DTTHJqxBBL6HBr+4GpcbzyAVCwSd3oYgxeSnmABo0Qbq2Mf5fP4piDuU7fY9kGTUdHw2RRPcT7fsXNOyZkIL4I7gxyaqdqxv9rdiCYhCE05UarlOrH2UiI1oxxG2XaiICZ0QHrQMihICMpLJ4eM8IlxujiIpHlC44n7eyIloVLD0DedIdF9NV8bm//VWokOLryUiTjRIOh0UZBwrCM8TgV3mQSq+dAAoZKZv2LaJ5JQbbLLmhDc+ZMXoV4uuU7JvS3nKpezODLoEB2jAnLROaqga1RFNUTRI3pGr+jNerJerHfrY9q6ZM1mDtAfWZ8/J36XgQ==</latexit><latexit sha1_base64="GZNTXlDAX/63AJFiVu5NiN0+QBc=">AAACCHicbZC7SgNBFIZnvcZ4W7W0cDARIoGwGwstgzZ2RjAXSNYwOzmbDJmdXWZmhbCktPFVbCwUsfUR7HwbJ5dCE38Y+PjPOZw5vx9zprTjfFtLyyura+uZjezm1vbOrr23X1dRIinUaMQj2fSJAs4E1DTTHJqxBBL6HBr+4GpcbzyAVCwSd3oYgxeSnmABo0Qbq2Mf5fP4piDuU7fY9kGTUdHw2RRPcT7fsXNOyZkIL4I7gxyaqdqxv9rdiCYhCE05UarlOrH2UiI1oxxG2XaiICZ0QHrQMihICMpLJ4eM8IlxujiIpHlC44n7eyIloVLD0DedIdF9NV8bm//VWokOLryUiTjRIOh0UZBwrCM8TgV3mQSq+dAAoZKZv2LaJ5JQbbLLmhDc+ZMXoV4uuU7JvS3nKpezODLoEB2jAnLROaqga1RFNUTRI3pGr+jNerJerHfrY9q6ZM1mDtAfWZ8/J36XgQ==</latexit><latexit sha1_base64="GZNTXlDAX/63AJFiVu5NiN0+QBc=">AAACCHicbZC7SgNBFIZnvcZ4W7W0cDARIoGwGwstgzZ2RjAXSNYwOzmbDJmdXWZmhbCktPFVbCwUsfUR7HwbJ5dCE38Y+PjPOZw5vx9zprTjfFtLyyura+uZjezm1vbOrr23X1dRIinUaMQj2fSJAs4E1DTTHJqxBBL6HBr+4GpcbzyAVCwSd3oYgxeSnmABo0Qbq2Mf5fP4piDuU7fY9kGTUdHw2RRPcT7fsXNOyZkIL4I7gxyaqdqxv9rdiCYhCE05UarlOrH2UiI1oxxG2XaiICZ0QHrQMihICMpLJ4eM8IlxujiIpHlC44n7eyIloVLD0DedIdF9NV8bm//VWokOLryUiTjRIOh0UZBwrCM8TgV3mQSq+dAAoZKZv2LaJ5JQbbLLmhDc+ZMXoV4uuU7JvS3nKpezODLoEB2jAnLROaqga1RFNUTRI3pGr+jNerJerHfrY9q6ZM1mDtAfWZ8/J36XgQ==</latexit>

O(n1+2�)
<latexit sha1_base64="7SKezHDj03KgMjJLVWvWND14z4U=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrARKkJJutFl0Y07K9gHtLFMppN26GQSZiZCCQV/xY0LRdz6He78G6ePhbYeuHA4517uvSdIOFPadb+t3Mrq2vpGfrOwtb2zu2fvHzRUnEpC6yTmsWwFWFHOBK1rpjltJZLiKOC0GQyvJ37zkUrFYnGvRwn1I9wXLGQEayN17SPHQbcl8ZB555VOQDUenyHH6dpFt+xOgZaJNydFmKPWtb86vZikERWacKxU23MT7WdYakY4HRc6qaIJJkPcp21DBY6o8rPp+WN0apQeCmNpSmg0VX9PZDhSahQFpjPCeqAWvYn4n9dOdXjpZ0wkqaaCzBaFKUc6RpMsUI9JSjQfGYKJZOZWRAZYYqJNYgUTgrf48jJpVMqeW/buKsXq1TyOPBzDCZTAgwuowg3UoA4EMniGV3iznqwX6936mLXmrPnMIfyB9fkDcfiTNQ==</latexit><latexit sha1_base64="7SKezHDj03KgMjJLVWvWND14z4U=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrARKkJJutFl0Y07K9gHtLFMppN26GQSZiZCCQV/xY0LRdz6He78G6ePhbYeuHA4517uvSdIOFPadb+t3Mrq2vpGfrOwtb2zu2fvHzRUnEpC6yTmsWwFWFHOBK1rpjltJZLiKOC0GQyvJ37zkUrFYnGvRwn1I9wXLGQEayN17SPHQbcl8ZB555VOQDUenyHH6dpFt+xOgZaJNydFmKPWtb86vZikERWacKxU23MT7WdYakY4HRc6qaIJJkPcp21DBY6o8rPp+WN0apQeCmNpSmg0VX9PZDhSahQFpjPCeqAWvYn4n9dOdXjpZ0wkqaaCzBaFKUc6RpMsUI9JSjQfGYKJZOZWRAZYYqJNYgUTgrf48jJpVMqeW/buKsXq1TyOPBzDCZTAgwuowg3UoA4EMniGV3iznqwX6936mLXmrPnMIfyB9fkDcfiTNQ==</latexit><latexit sha1_base64="7SKezHDj03KgMjJLVWvWND14z4U=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrARKkJJutFl0Y07K9gHtLFMppN26GQSZiZCCQV/xY0LRdz6He78G6ePhbYeuHA4517uvSdIOFPadb+t3Mrq2vpGfrOwtb2zu2fvHzRUnEpC6yTmsWwFWFHOBK1rpjltJZLiKOC0GQyvJ37zkUrFYnGvRwn1I9wXLGQEayN17SPHQbcl8ZB555VOQDUenyHH6dpFt+xOgZaJNydFmKPWtb86vZikERWacKxU23MT7WdYakY4HRc6qaIJJkPcp21DBY6o8rPp+WN0apQeCmNpSmg0VX9PZDhSahQFpjPCeqAWvYn4n9dOdXjpZ0wkqaaCzBaFKUc6RpMsUI9JSjQfGYKJZOZWRAZYYqJNYgUTgrf48jJpVMqeW/buKsXq1TyOPBzDCZTAgwuowg3UoA4EMniGV3iznqwX6936mLXmrPnMIfyB9fkDcfiTNQ==</latexit><latexit sha1_base64="7SKezHDj03KgMjJLVWvWND14z4U=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrARKkJJutFl0Y07K9gHtLFMppN26GQSZiZCCQV/xY0LRdz6He78G6ePhbYeuHA4517uvSdIOFPadb+t3Mrq2vpGfrOwtb2zu2fvHzRUnEpC6yTmsWwFWFHOBK1rpjltJZLiKOC0GQyvJ37zkUrFYnGvRwn1I9wXLGQEayN17SPHQbcl8ZB555VOQDUenyHH6dpFt+xOgZaJNydFmKPWtb86vZikERWacKxU23MT7WdYakY4HRc6qaIJJkPcp21DBY6o8rPp+WN0apQeCmNpSmg0VX9PZDhSahQFpjPCeqAWvYn4n9dOdXjpZ0wkqaaCzBaFKUc6RpMsUI9JSjQfGYKJZOZWRAZYYqJNYgUTgrf48jJpVMqeW/buKsXq1TyOPBzDCZTAgwuowg3UoA4EMniGV3iznqwX6936mLXmrPnMIfyB9fkDcfiTNQ==</latexit>

m = n�
<latexit sha1_base64="m21DMNvtcPZ4A864RfBgXPemKW4=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYCJ4Cru56EUIevEYwTwgWcPsZDYZMo9lplcISz7DiwdFvPo13vwbJ8keNLGgoajqprsrSgS34Pvf3tr6xubWdmGnuLu3f3BYOjpuWZ0ayppUC206EbFMcMWawEGwTmIYkZFg7Wh8O/PbT8xYrtUDTBIWSjJUPOaUgJO6FXmtHnsRA1Lpl8p+1Z8Dr5IgJ2WUo9EvffUGmqaSKaCCWNsN/ATCjBjgVLBpsZdalhA6JkPWdVQRyWyYzU+e4nOnDHCsjSsFeK7+nsiItHYiI9cpCYzssjcT//O6KcRXYcZVkgJTdLEoTgUGjWf/4wE3jIKYOEKo4e5WTEfEEAoupaILIVh+eZW0atXArwb3tXL9Jo+jgE7RGbpAAbpEdXSHGqiJKNLoGb2iNw+8F+/d+1i0rnn5zAn6A+/zB1NjkJw=</latexit><latexit sha1_base64="m21DMNvtcPZ4A864RfBgXPemKW4=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYCJ4Cru56EUIevEYwTwgWcPsZDYZMo9lplcISz7DiwdFvPo13vwbJ8keNLGgoajqprsrSgS34Pvf3tr6xubWdmGnuLu3f3BYOjpuWZ0ayppUC206EbFMcMWawEGwTmIYkZFg7Wh8O/PbT8xYrtUDTBIWSjJUPOaUgJO6FXmtHnsRA1Lpl8p+1Z8Dr5IgJ2WUo9EvffUGmqaSKaCCWNsN/ATCjBjgVLBpsZdalhA6JkPWdVQRyWyYzU+e4nOnDHCsjSsFeK7+nsiItHYiI9cpCYzssjcT//O6KcRXYcZVkgJTdLEoTgUGjWf/4wE3jIKYOEKo4e5WTEfEEAoupaILIVh+eZW0atXArwb3tXL9Jo+jgE7RGbpAAbpEdXSHGqiJKNLoGb2iNw+8F+/d+1i0rnn5zAn6A+/zB1NjkJw=</latexit><latexit sha1_base64="m21DMNvtcPZ4A864RfBgXPemKW4=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYCJ4Cru56EUIevEYwTwgWcPsZDYZMo9lplcISz7DiwdFvPo13vwbJ8keNLGgoajqprsrSgS34Pvf3tr6xubWdmGnuLu3f3BYOjpuWZ0ayppUC206EbFMcMWawEGwTmIYkZFg7Wh8O/PbT8xYrtUDTBIWSjJUPOaUgJO6FXmtHnsRA1Lpl8p+1Z8Dr5IgJ2WUo9EvffUGmqaSKaCCWNsN/ATCjBjgVLBpsZdalhA6JkPWdVQRyWyYzU+e4nOnDHCsjSsFeK7+nsiItHYiI9cpCYzssjcT//O6KcRXYcZVkgJTdLEoTgUGjWf/4wE3jIKYOEKo4e5WTEfEEAoupaILIVh+eZW0atXArwb3tXL9Jo+jgE7RGbpAAbpEdXSHGqiJKNLoGb2iNw+8F+/d+1i0rnn5zAn6A+/zB1NjkJw=</latexit><latexit sha1_base64="m21DMNvtcPZ4A864RfBgXPemKW4=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYCJ4Cru56EUIevEYwTwgWcPsZDYZMo9lplcISz7DiwdFvPo13vwbJ8keNLGgoajqprsrSgS34Pvf3tr6xubWdmGnuLu3f3BYOjpuWZ0ayppUC206EbFMcMWawEGwTmIYkZFg7Wh8O/PbT8xYrtUDTBIWSjJUPOaUgJO6FXmtHnsRA1Lpl8p+1Z8Dr5IgJ2WUo9EvffUGmqaSKaCCWNsN/ATCjBjgVLBpsZdalhA6JkPWdVQRyWyYzU+e4nOnDHCsjSsFeK7+nsiItHYiI9cpCYzssjcT//O6KcRXYcZVkgJTdLEoTgUGjWf/4wE3jIKYOEKo4e5WTEfEEAoupaILIVh+eZW0atXArwb3tXL9Jo+jgE7RGbpAAbpEdXSHGqiJKNLoGb2iNw+8F+/d+1i0rnn5zAn6A+/zB1NjkJw=</latexit>

D(R)
ii := e>i W

(r)(W (r))>1
<latexit sha1_base64="WNMr7WtKqMkNrSTGh5d2NfeMjQw="></latexit><latexit sha1_base64="WNMr7WtKqMkNrSTGh5d2NfeMjQw="></latexit><latexit sha1_base64="WNMr7WtKqMkNrSTGh5d2NfeMjQw="></latexit><latexit sha1_base64="WNMr7WtKqMkNrSTGh5d2NfeMjQw="></latexit>

(D(R))�1/2W (r) = U⇤V >
<latexit sha1_base64="3Gcyz9IFmLiQGxxOffbPhp73RP0="></latexit><latexit sha1_base64="3Gcyz9IFmLiQGxxOffbPhp73RP0="></latexit><latexit sha1_base64="3Gcyz9IFmLiQGxxOffbPhp73RP0="></latexit><latexit sha1_base64="3Gcyz9IFmLiQGxxOffbPhp73RP0="></latexit>

Ū := (D(R))�1/2U
<latexit sha1_base64="7VEtyWbB4I+AnRrDmZz59puu2/8=">AAACEnicbVDLSsNAFJ3UV42vqks3wVZoF9akG0UQirpwWcW0hb6YTCft0MmDmRuxhHyDG3/FjQtF3Lpy5984bbPQ6oELh3Pu5d57nJAzCab5pWUWFpeWV7Kr+tr6xuZWbnunLoNIEGqTgAei6WBJOfOpDQw4bYaCYs/htOGMLiZ+444KyQL/FsYh7Xh44DOXEQxK6uVKhYLedrCI7eT0rHjZjYttoPcQhfFNUkpK3fjQOqoktl4o9HJ5s2xOYfwlVkryKEWtl/ts9wMSedQHwrGULcsMoRNjAYxwmujtSNIQkxEe0JaiPvao7MTTlxLjQCl9ww2EKh+MqfpzIsaelGPPUZ0ehqGc9ybif14rAvekEzM/jID6ZLbIjbgBgTHJx+gzQQnwsSKYCKZuNcgQC0xApairEKz5l/+SeqVsmWXrupKvnqdxZNEe2kdFZKFjVEVXqIZsRNADekIv6FV71J61N+191prR0pld9AvaxzcZjpsy</latexit><latexit sha1_base64="7VEtyWbB4I+AnRrDmZz59puu2/8=">AAACEnicbVDLSsNAFJ3UV42vqks3wVZoF9akG0UQirpwWcW0hb6YTCft0MmDmRuxhHyDG3/FjQtF3Lpy5984bbPQ6oELh3Pu5d57nJAzCab5pWUWFpeWV7Kr+tr6xuZWbnunLoNIEGqTgAei6WBJOfOpDQw4bYaCYs/htOGMLiZ+444KyQL/FsYh7Xh44DOXEQxK6uVKhYLedrCI7eT0rHjZjYttoPcQhfFNUkpK3fjQOqoktl4o9HJ5s2xOYfwlVkryKEWtl/ts9wMSedQHwrGULcsMoRNjAYxwmujtSNIQkxEe0JaiPvao7MTTlxLjQCl9ww2EKh+MqfpzIsaelGPPUZ0ehqGc9ybif14rAvekEzM/jID6ZLbIjbgBgTHJx+gzQQnwsSKYCKZuNcgQC0xApairEKz5l/+SeqVsmWXrupKvnqdxZNEe2kdFZKFjVEVXqIZsRNADekIv6FV71J61N+191prR0pld9AvaxzcZjpsy</latexit><latexit sha1_base64="7VEtyWbB4I+AnRrDmZz59puu2/8=">AAACEnicbVDLSsNAFJ3UV42vqks3wVZoF9akG0UQirpwWcW0hb6YTCft0MmDmRuxhHyDG3/FjQtF3Lpy5984bbPQ6oELh3Pu5d57nJAzCab5pWUWFpeWV7Kr+tr6xuZWbnunLoNIEGqTgAei6WBJOfOpDQw4bYaCYs/htOGMLiZ+444KyQL/FsYh7Xh44DOXEQxK6uVKhYLedrCI7eT0rHjZjYttoPcQhfFNUkpK3fjQOqoktl4o9HJ5s2xOYfwlVkryKEWtl/ts9wMSedQHwrGULcsMoRNjAYxwmujtSNIQkxEe0JaiPvao7MTTlxLjQCl9ww2EKh+MqfpzIsaelGPPUZ0ehqGc9ybif14rAvekEzM/jID6ZLbIjbgBgTHJx+gzQQnwsSKYCKZuNcgQC0xApairEKz5l/+SeqVsmWXrupKvnqdxZNEe2kdFZKFjVEVXqIZsRNADekIv6FV71J61N+191prR0pld9AvaxzcZjpsy</latexit><latexit sha1_base64="7VEtyWbB4I+AnRrDmZz59puu2/8=">AAACEnicbVDLSsNAFJ3UV42vqks3wVZoF9akG0UQirpwWcW0hb6YTCft0MmDmRuxhHyDG3/FjQtF3Lpy5984bbPQ6oELh3Pu5d57nJAzCab5pWUWFpeWV7Kr+tr6xuZWbnunLoNIEGqTgAei6WBJOfOpDQw4bYaCYs/htOGMLiZ+444KyQL/FsYh7Xh44DOXEQxK6uVKhYLedrCI7eT0rHjZjYttoPcQhfFNUkpK3fjQOqoktl4o9HJ5s2xOYfwlVkryKEWtl/ts9wMSedQHwrGULcsMoRNjAYxwmujtSNIQkxEe0JaiPvao7MTTlxLjQCl9ww2EKh+MqfpzIsaelGPPUZ0ehqGc9ybif14rAvekEzM/jID6ZLbIjbgBgTHJx+gzQQnwsSKYCKZuNcgQC0xApairEKz5l/+SeqVsmWXrupKvnqdxZNEe2kdFZKFjVEVXqIZsRNADekIv6FV71J61N+191prR0pld9AvaxzcZjpsy</latexit>

(Step 1)

(Step 2)

(Step 3)

(Step 4)

W (r) 2 Rn⇥m, W (r)
ij = Wij

<latexit sha1_base64="HejFunObiV4CXOMz4Zj70SIW+zg="></latexit><latexit sha1_base64="HejFunObiV4CXOMz4Zj70SIW+zg="></latexit><latexit sha1_base64="HejFunObiV4CXOMz4Zj70SIW+zg="></latexit><latexit sha1_base64="HejFunObiV4CXOMz4Zj70SIW+zg="></latexit>

(SVD)

(Eigenvectors for DM)



• One motivative problem 
• Manifold learning — algorithm 
• Manifold learning — theory 
• Random matrix theory 
• Toward manifold + RMT 
• Some more…



Manifold setup

a ⇢ Rp
<latexit sha1_base64="PfHETrGmM018sqe2izU2ztn4oN4=">AAAB/3icbVC7TsMwFL0pr1JeASQWFosWialKusBYwcJYEH1ITagc12mtOk5kO0hV6MCvsDCAECu/wcbf4LYZoOVIlo7OuVf3+AQJZ0o7zrdVWFldW98obpa2tnd29+z9g5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HV1G8/UKlYLO70OKF+hAeChYxgbaSefVTxVBooqpEXYT0Mgux2cp9UenbZqTozoGXi5qQMORo9+8vrxySNqNCEY6W6rpNoP8NSM8LppOSliiaYjPCAdg0VOKLKz2b5J+jUKH0UxtI8odFM/b2R4UipcRSYyWlItehNxf+8bqrDCz9jIkk1FWR+KEw50jGaloH6TFKi+dgQTCQzWREZYomJNpWVTAnu4peXSatWdZ2qe1Mr1y/zOopwDCdwBi6cQx2uoQFNIPAIz/AKb9aT9WK9Wx/z0YKV7xzCH1ifP4JklcE=</latexit><latexit sha1_base64="PfHETrGmM018sqe2izU2ztn4oN4=">AAAB/3icbVC7TsMwFL0pr1JeASQWFosWialKusBYwcJYEH1ITagc12mtOk5kO0hV6MCvsDCAECu/wcbf4LYZoOVIlo7OuVf3+AQJZ0o7zrdVWFldW98obpa2tnd29+z9g5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HV1G8/UKlYLO70OKF+hAeChYxgbaSefVTxVBooqpEXYT0Mgux2cp9UenbZqTozoGXi5qQMORo9+8vrxySNqNCEY6W6rpNoP8NSM8LppOSliiaYjPCAdg0VOKLKz2b5J+jUKH0UxtI8odFM/b2R4UipcRSYyWlItehNxf+8bqrDCz9jIkk1FWR+KEw50jGaloH6TFKi+dgQTCQzWREZYomJNpWVTAnu4peXSatWdZ2qe1Mr1y/zOopwDCdwBi6cQx2uoQFNIPAIz/AKb9aT9WK9Wx/z0YKV7xzCH1ifP4JklcE=</latexit><latexit sha1_base64="PfHETrGmM018sqe2izU2ztn4oN4=">AAAB/3icbVC7TsMwFL0pr1JeASQWFosWialKusBYwcJYEH1ITagc12mtOk5kO0hV6MCvsDCAECu/wcbf4LYZoOVIlo7OuVf3+AQJZ0o7zrdVWFldW98obpa2tnd29+z9g5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HV1G8/UKlYLO70OKF+hAeChYxgbaSefVTxVBooqpEXYT0Mgux2cp9UenbZqTozoGXi5qQMORo9+8vrxySNqNCEY6W6rpNoP8NSM8LppOSliiaYjPCAdg0VOKLKz2b5J+jUKH0UxtI8odFM/b2R4UipcRSYyWlItehNxf+8bqrDCz9jIkk1FWR+KEw50jGaloH6TFKi+dgQTCQzWREZYomJNpWVTAnu4peXSatWdZ2qe1Mr1y/zOopwDCdwBi6cQx2uoQFNIPAIz/AKb9aT9WK9Wx/z0YKV7xzCH1ifP4JklcE=</latexit><latexit sha1_base64="PfHETrGmM018sqe2izU2ztn4oN4=">AAAB/3icbVC7TsMwFL0pr1JeASQWFosWialKusBYwcJYEH1ITagc12mtOk5kO0hV6MCvsDCAECu/wcbf4LYZoOVIlo7OuVf3+AQJZ0o7zrdVWFldW98obpa2tnd29+z9g5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HV1G8/UKlYLO70OKF+hAeChYxgbaSefVTxVBooqpEXYT0Mgux2cp9UenbZqTozoGXi5qQMORo9+8vrxySNqNCEY6W6rpNoP8NSM8LppOSliiaYjPCAdg0VOKLKz2b5J+jUKH0UxtI8odFM/b2R4UipcRSYyWlItehNxf+8bqrDCz9jIkk1FWR+KEw50jGaloH6TFKi+dgQTCQzWREZYomJNpWVTAnu4peXSatWdZ2qe1Mr1y/zOopwDCdwBi6cQx2uoQFNIPAIz/AKb9aT9WK9Wx/z0YKV7xzCH1ifP4JklcE=</latexit>

1. M be a d-dimensional smooth, closed and connected Riemannian manifold
isometrically embedded in Rp through ◆ : M ! Rp.

2. p: smooth pdf on the manifold M bounded from below by pm > 0.

3. Suppose the point cloud X := {x1 · · · , xn} is independently and identi-
cally (i.i.d.) sampled following the density function p.
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(⌦,F ,P) �!
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xi
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• X and Y are independent

• pX satisfies pX 2 C4(Md) and 0 < infx2Md pX(x)  supx2Md pX(x).

• Same for pY
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We should be able to sample everywhere of M; that is, the sampling density of X :



Spectral convergence
Theorem  
(Dunson & Wu & W. 2019 arXiv)

Terrible rate… Numerically it converges faster. How to improve?

1. Suppose the kernel is Gaussian.

2. Suppose �i is simple.

3. ✏ = ✏(n) so that ✏ ! 0 and
p
� log ✏+

p
lognp

n✏d
! 0, as n ! 1.

4. Fix K 2 N.
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��l = ��l�l

0 = �0 < �1  �2  . . .
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When ✏ is su�ciently small, 9{an} s.t. with probability � 1�n�2, for all i < K,
we have

kan�✏,n,i � �ikL1 = O(✏1/2) +O

✓p
� log ✏+

p
log n

p
n✏d+3/2

◆

|�✏,n,i � �i| = O(✏3/4) +O

✓p
� log ✏+

p
log n

p
n✏d+5/2

◆
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1. Suppose the kernel is Gaussian.

2. Suppose �i is simple.

3. ✏ = ✏(n) so that ✏ ! 0 and
p
� log ✏+

p
lognp

n✏d/2
! 0, as n ! 1.

4. Fix K 2 N

5. Assume
p
✏  K1 min

(✓
min(�K ,1)

K2+�d/2+5
K

◆2

, 1
(2+�d+1

K )2

)
.

<latexit sha1_base64="QIiDa1dzxqT1rVOuPSMn+6eKirs="></latexit><latexit sha1_base64="QIiDa1dzxqT1rVOuPSMn+6eKirs="></latexit><latexit sha1_base64="QIiDa1dzxqT1rVOuPSMn+6eKirs="></latexit><latexit sha1_base64="QIiDa1dzxqT1rVOuPSMn+6eKirs="></latexit>



Finite spectral embedding
“Almost isometric embedding” via finite eigenfunctions

" > 0: tolerable error
then, 9t0 = t0(d,K, i, ") such that 80 < t < t0, 9NE = NE(d,K, i, V, ", t)

such that if N > NE , the spectral embedding

x 7! 2t(d+2)/4
p
2(4⇡)d/4

⇥
e��1t�1(x) . . . e��N t�N (x)

⇤>
(1)

is almost isometric with the error controlled by ", where �I and �I is the Ith

eigenpair of the Laplace Beltromi operator of the manifold.
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Theorem (Portegies CPAM 2015) ��l = ��l�l

0 = �0 < �1  �2  . . .
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" > 0: tolerable error
then, 9t0 = t0(d,K, i, ") such that 80 < t < t0, 9NE = NE(d,K, i, V, ", t)

such that if N > NE , the spectral embedding

x 7! 2t(d+2)/4
p
2(4⇡)d/4

⇥
e��1t�1(x) . . . e��N t�N (x)

⇤>
(1)

is almost isometric with the error controlled by ", where �I and �I is the Ith

eigenpair of the Laplace Beltromi operator of the manifold.
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Have we solved problems? NO!
Q1: Guarantee if dimension reduction can be achieved? 
       by nonlinear embedding algorithms, like diffusion maps, 
       LLE, ISOMAP, t-SNE, etc…, in the sense that the information is  
       preserved geometrically/topologically? 

Q2: Is it possible to faithfully visualize the data? 

Klein bottle



DM of the Klein bottle

No matter what algorithm you use or how hard you try,  
you cannot visualize the Klein bottle in 3-dim Euclidean space. 

Data analysis cannot break the topological constraint!

n
 
� ui

vi

� �on

i=1
⇢ R4 7�!

Diffusion map

with the top three

nontrivial eigenvectors



• One motivative problem 
• Manifold learning — algorithm 
• Manifold learning — theory 
• Random matrix theory 
• Toward manifold + RMT 
• Some more…



Whole spectrum is left unanswered

iii:
. .

clean p

M C IR
-

xi = zi + ⇠i
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Where is the promised random matrix theory?

Q1: how does the spectrum of GL looks like 

from noisy data?



Whole spectrum is left unanswered

iii:
. .

clean p

M C IR
-

xi = zi + ⇠i
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Where is the promised random matrix theory?

Q1: how does the spectrum of GL looks like 

from noisy data?



What is the problem? Everywhere!

iii:
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xi = zi + ⇠i
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Q2: how can we find the “true neighbors”? True similarity?

How to compare objects when the data is noisy?

kxi � xjk22 = kzi � zjk22 + k⇠i � ⇠jk22 + 2(zi � zj)
>(⇠i � ⇠j)
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A simplified model
(Ding & W. 2020, submitted)

i.i.d. sub-Gaussian sequences of Y := {yi}ni=1 2 Rp satisfies

E(yi) = 0, cov(yi) = Ip.
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⌃ = diag{�+ 1, 1, · · · , 1}.

� := �(n) � 0, and when � > 0 we consider

� ⇣ n↵, 0  ↵ < 1.
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The random point cloud is X := {xi}nI=1, where

xi = ⌃1/2yi.
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“High dimensional” noise
(Ding & W. 2020, submitted)

Assume that for some constant 0 < �  1, we have

�  cn :=
n

p
 ��1 .

<latexit sha1_base64="qa6M9rE+hUsaYXaek2fB4Usd7rg="></latexit><latexit sha1_base64="qa6M9rE+hUsaYXaek2fB4Usd7rg="></latexit><latexit sha1_base64="qa6M9rE+hUsaYXaek2fB4Usd7rg="></latexit><latexit sha1_base64="qa6M9rE+hUsaYXaek2fB4Usd7rg="></latexit>

x(1)
i =

p
�xi � e1, i = 1, . . . , n be the clean cloud points
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xi = x(1)
i + yi
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Clean signal

Noise

Noisy signal

NOTE: 1-dim linear manifold



Visual illustration / regimes
(Ding & W. 2020, submitted)

[0, 1] [0, 10] [0, 251] [0, 1e5]

↵ = 0
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↵ = 0.5
<latexit sha1_base64="mG76lFeaGhWQ6q5TxdoU876JITE=">AAACAnicbVDLSsNAFJ3UV62vqCtxM9gKrkJSEN0IRTcuK9gHNKFMJpN26GQSZiZCCcGNv+LGhSJu/Qp3/o3TNAttPXDhcM69c+ceP2FUKtv+Niorq2vrG9XN2tb2zu6euX/QlXEqMOngmMWi7yNJGOWko6hipJ8IgiKfkZ4/uZn5vQciJI35vZomxIvQiNOQYqS0NDSPMrd4JBMkyBsuYskYXdnWeSMfmnXbsgvAZeKUpA5KtIfmlxvEOI0IV5ghKQeOnSgvQ0JRzEhec1NJEoQnaEQGmnIUEellxfYcnmolgGEsdHEFC/X3RIYiKaeRrzsjpMZy0ZuJ/3mDVIWXXkZ5kirC8XxRmDKoYjjLAwZUEKzYVBOEBdV/hXiMBMJKp1bTITiLJy+TbtNybMu5a9Zb12UcVXAMTsAZcMAFaIFb0AYdgMEjeAav4M14Ml6Md+Nj3loxyplD8AfG5w9tvJbD</latexit><latexit sha1_base64="mG76lFeaGhWQ6q5TxdoU876JITE=">AAACAnicbVDLSsNAFJ3UV62vqCtxM9gKrkJSEN0IRTcuK9gHNKFMJpN26GQSZiZCCcGNv+LGhSJu/Qp3/o3TNAttPXDhcM69c+ceP2FUKtv+Niorq2vrG9XN2tb2zu6euX/QlXEqMOngmMWi7yNJGOWko6hipJ8IgiKfkZ4/uZn5vQciJI35vZomxIvQiNOQYqS0NDSPMrd4JBMkyBsuYskYXdnWeSMfmnXbsgvAZeKUpA5KtIfmlxvEOI0IV5ghKQeOnSgvQ0JRzEhec1NJEoQnaEQGmnIUEellxfYcnmolgGEsdHEFC/X3RIYiKaeRrzsjpMZy0ZuJ/3mDVIWXXkZ5kirC8XxRmDKoYjjLAwZUEKzYVBOEBdV/hXiMBMJKp1bTITiLJy+TbtNybMu5a9Zb12UcVXAMTsAZcMAFaIFb0AYdgMEjeAav4M14Ml6Md+Nj3loxyplD8AfG5w9tvJbD</latexit><latexit sha1_base64="mG76lFeaGhWQ6q5TxdoU876JITE=">AAACAnicbVDLSsNAFJ3UV62vqCtxM9gKrkJSEN0IRTcuK9gHNKFMJpN26GQSZiZCCcGNv+LGhSJu/Qp3/o3TNAttPXDhcM69c+ceP2FUKtv+Niorq2vrG9XN2tb2zu6euX/QlXEqMOngmMWi7yNJGOWko6hipJ8IgiKfkZ4/uZn5vQciJI35vZomxIvQiNOQYqS0NDSPMrd4JBMkyBsuYskYXdnWeSMfmnXbsgvAZeKUpA5KtIfmlxvEOI0IV5ghKQeOnSgvQ0JRzEhec1NJEoQnaEQGmnIUEellxfYcnmolgGEsdHEFC/X3RIYiKaeRrzsjpMZy0ZuJ/3mDVIWXXkZ5kirC8XxRmDKoYjjLAwZUEKzYVBOEBdV/hXiMBMJKp1bTITiLJy+TbtNybMu5a9Zb12UcVXAMTsAZcMAFaIFb0AYdgMEjeAav4M14Ml6Md+Nj3loxyplD8AfG5w9tvJbD</latexit><latexit sha1_base64="mG76lFeaGhWQ6q5TxdoU876JITE=">AAACAnicbVDLSsNAFJ3UV62vqCtxM9gKrkJSEN0IRTcuK9gHNKFMJpN26GQSZiZCCcGNv+LGhSJu/Qp3/o3TNAttPXDhcM69c+ceP2FUKtv+Niorq2vrG9XN2tb2zu6euX/QlXEqMOngmMWi7yNJGOWko6hipJ8IgiKfkZ4/uZn5vQciJI35vZomxIvQiNOQYqS0NDSPMrd4JBMkyBsuYskYXdnWeSMfmnXbsgvAZeKUpA5KtIfmlxvEOI0IV5ghKQeOnSgvQ0JRzEhec1NJEoQnaEQGmnIUEellxfYcnmolgGEsdHEFC/X3RIYiKaeRrzsjpMZy0ZuJ/3mDVIWXXkZ5kirC8XxRmDKoYjjLAwZUEKzYVBOEBdV/hXiMBMJKp1bTITiLJy+TbtNybMu5a9Zb12UcVXAMTsAZcMAFaIFb0AYdgMEjeAav4M14Ml6Md+Nj3loxyplD8AfG5w9tvJbD</latexit>

↵ = 1.2
<latexit sha1_base64="ePVYlOmHsyXBorCGyIiOEoUZxTY=">AAACAnicbVDLSsNAFJ34rPUVdSVuBlvBVUm60Y1QdOOygn1AE8rNZNIOnTyYmQglBDf+ihsXirj1K9z5N07TLLT1wIXDOffOnXu8hDOpLOvbWFldW9/YrGxVt3d29/bNg8OujFNBaIfEPBZ9DyTlLKIdxRSn/URQCD1Oe97kZub3HqiQLI7u1TShbgijiAWMgNLS0DzOnOKRTFA/rzvAkzFc2Y1mPR+aNathFcDLxC5JDZVoD80vx49JGtJIEQ5SDmwrUW4GQjHCaV51UkkTIBMY0YGmEYRUulmxPcdnWvFxEAtdkcKF+nsig1DKaejpzhDUWC56M/E/b5Cq4NLNWJSkikZkvihIOVYxnuWBfSYoUXyqCRDB9F8xGYMAonRqVR2CvXjyMuk2G7bVsO+atdZ1GUcFnaBTdI5sdIFa6Ba1UQcR9Iie0St6M56MF+Pd+Ji3rhjlzBH6A+PzB2qylsE=</latexit><latexit sha1_base64="ePVYlOmHsyXBorCGyIiOEoUZxTY=">AAACAnicbVDLSsNAFJ34rPUVdSVuBlvBVUm60Y1QdOOygn1AE8rNZNIOnTyYmQglBDf+ihsXirj1K9z5N07TLLT1wIXDOffOnXu8hDOpLOvbWFldW9/YrGxVt3d29/bNg8OujFNBaIfEPBZ9DyTlLKIdxRSn/URQCD1Oe97kZub3HqiQLI7u1TShbgijiAWMgNLS0DzOnOKRTFA/rzvAkzFc2Y1mPR+aNathFcDLxC5JDZVoD80vx49JGtJIEQ5SDmwrUW4GQjHCaV51UkkTIBMY0YGmEYRUulmxPcdnWvFxEAtdkcKF+nsig1DKaejpzhDUWC56M/E/b5Cq4NLNWJSkikZkvihIOVYxnuWBfSYoUXyqCRDB9F8xGYMAonRqVR2CvXjyMuk2G7bVsO+atdZ1GUcFnaBTdI5sdIFa6Ba1UQcR9Iie0St6M56MF+Pd+Ji3rhjlzBH6A+PzB2qylsE=</latexit><latexit sha1_base64="ePVYlOmHsyXBorCGyIiOEoUZxTY=">AAACAnicbVDLSsNAFJ34rPUVdSVuBlvBVUm60Y1QdOOygn1AE8rNZNIOnTyYmQglBDf+ihsXirj1K9z5N07TLLT1wIXDOffOnXu8hDOpLOvbWFldW9/YrGxVt3d29/bNg8OujFNBaIfEPBZ9DyTlLKIdxRSn/URQCD1Oe97kZub3HqiQLI7u1TShbgijiAWMgNLS0DzOnOKRTFA/rzvAkzFc2Y1mPR+aNathFcDLxC5JDZVoD80vx49JGtJIEQ5SDmwrUW4GQjHCaV51UkkTIBMY0YGmEYRUulmxPcdnWvFxEAtdkcKF+nsig1DKaejpzhDUWC56M/E/b5Cq4NLNWJSkikZkvihIOVYxnuWBfSYoUXyqCRDB9F8xGYMAonRqVR2CvXjyMuk2G7bVsO+atdZ1GUcFnaBTdI5sdIFa6Ba1UQcR9Iie0St6M56MF+Pd+Ji3rhjlzBH6A+PzB2qylsE=</latexit><latexit sha1_base64="ePVYlOmHsyXBorCGyIiOEoUZxTY=">AAACAnicbVDLSsNAFJ34rPUVdSVuBlvBVUm60Y1QdOOygn1AE8rNZNIOnTyYmQglBDf+ihsXirj1K9z5N07TLLT1wIXDOffOnXu8hDOpLOvbWFldW9/YrGxVt3d29/bNg8OujFNBaIfEPBZ9DyTlLKIdxRSn/URQCD1Oe97kZub3HqiQLI7u1TShbgijiAWMgNLS0DzOnOKRTFA/rzvAkzFc2Y1mPR+aNathFcDLxC5JDZVoD80vx49JGtJIEQ5SDmwrUW4GQjHCaV51UkkTIBMY0YGmEYRUulmxPcdnWvFxEAtdkcKF+nsig1DKaejpzhDUWC56M/E/b5Cq4NLNWJSkikZkvihIOVYxnuWBfSYoUXyqCRDB9F8xGYMAonRqVR2CvXjyMuk2G7bVsO+atdZ1GUcFnaBTdI5sdIFa6Ba1UQcR9Iie0St6M56MF+Pd+Ji3rhjlzBH6A+PzB2qylsE=</latexit>

↵ = 2.5
<latexit sha1_base64="Wx0qGoDfroVKG0hZq/EomiEPtYk=">AAACAnicbVDLSsNAFJ3UV62vqCtxM9gKrkJSEN0IRTcuK9gHNKFMJpN26GQSZiZCCcGNv+LGhSJu/Qp3/o3TNAttPXDhcM69c+ceP2FUKtv+Niorq2vrG9XN2tb2zu6euX/QlXEqMOngmMWi7yNJGOWko6hipJ8IgiKfkZ4/uZn5vQciJI35vZomxIvQiNOQYqS0NDSPMrd4JBMkyBsuYskYXTWt80Y+NOu2ZReAy8QpSR2UaA/NLzeIcRoRrjBDUg4cO1FehoSimJG85qaSJAhP0IgMNOUoItLLiu05PNVKAMNY6OIKFurviQxFUk4jX3dGSI3lojcT//MGqQovvYzyJFWE4/miMGVQxXCWBwyoIFixqSYIC6r/CvEYCYSVTq2mQ3AWT14m3abl2JZz16y3rss4quAYnIAz4IAL0AK3oA06AINH8AxewZvxZLwY78bHvLVilDOH4A+Mzx9wzJbF</latexit><latexit sha1_base64="Wx0qGoDfroVKG0hZq/EomiEPtYk=">AAACAnicbVDLSsNAFJ3UV62vqCtxM9gKrkJSEN0IRTcuK9gHNKFMJpN26GQSZiZCCcGNv+LGhSJu/Qp3/o3TNAttPXDhcM69c+ceP2FUKtv+Niorq2vrG9XN2tb2zu6euX/QlXEqMOngmMWi7yNJGOWko6hipJ8IgiKfkZ4/uZn5vQciJI35vZomxIvQiNOQYqS0NDSPMrd4JBMkyBsuYskYXTWt80Y+NOu2ZReAy8QpSR2UaA/NLzeIcRoRrjBDUg4cO1FehoSimJG85qaSJAhP0IgMNOUoItLLiu05PNVKAMNY6OIKFurviQxFUk4jX3dGSI3lojcT//MGqQovvYzyJFWE4/miMGVQxXCWBwyoIFixqSYIC6r/CvEYCYSVTq2mQ3AWT14m3abl2JZz16y3rss4quAYnIAz4IAL0AK3oA06AINH8AxewZvxZLwY78bHvLVilDOH4A+Mzx9wzJbF</latexit><latexit sha1_base64="Wx0qGoDfroVKG0hZq/EomiEPtYk=">AAACAnicbVDLSsNAFJ3UV62vqCtxM9gKrkJSEN0IRTcuK9gHNKFMJpN26GQSZiZCCcGNv+LGhSJu/Qp3/o3TNAttPXDhcM69c+ceP2FUKtv+Niorq2vrG9XN2tb2zu6euX/QlXEqMOngmMWi7yNJGOWko6hipJ8IgiKfkZ4/uZn5vQciJI35vZomxIvQiNOQYqS0NDSPMrd4JBMkyBsuYskYXTWt80Y+NOu2ZReAy8QpSR2UaA/NLzeIcRoRrjBDUg4cO1FehoSimJG85qaSJAhP0IgMNOUoItLLiu05PNVKAMNY6OIKFurviQxFUk4jX3dGSI3lojcT//MGqQovvYzyJFWE4/miMGVQxXCWBwyoIFixqSYIC6r/CvEYCYSVTq2mQ3AWT14m3abl2JZz16y3rss4quAYnIAz4IAL0AK3oA06AINH8AxewZvxZLwY78bHvLVilDOH4A+Mzx9wzJbF</latexit><latexit sha1_base64="Wx0qGoDfroVKG0hZq/EomiEPtYk=">AAACAnicbVDLSsNAFJ3UV62vqCtxM9gKrkJSEN0IRTcuK9gHNKFMJpN26GQSZiZCCcGNv+LGhSJu/Qp3/o3TNAttPXDhcM69c+ceP2FUKtv+Niorq2vrG9XN2tb2zu6euX/QlXEqMOngmMWi7yNJGOWko6hipJ8IgiKfkZ4/uZn5vQciJI35vZomxIvQiNOQYqS0NDSPMrd4JBMkyBsuYskYXTWt80Y+NOu2ZReAy8QpSR2UaA/NLzeIcRoRrjBDUg4cO1FehoSimJG85qaSJAhP0IgMNOUoItLLiu05PNVKAMNY6OIKFurviQxFUk4jX3dGSI3lojcT//MGqQovvYzyJFWE4/miMGVQxXCWBwyoIFixqSYIC6r/CvEYCYSVTq2mQ3AWT14m3abl2JZz16y3rss4quAYnIAz4IAL0AK3oA06AINH8AxewZvxZLwY78bHvLVilDOH4A+Mzx9wzJbF</latexit>

Gaussian noise with SD = 1, n=p=100

↵ = 0
<latexit sha1_base64="qmXi2QAz1mJE/nX/6fO1V7eIZjA=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsabUyINpaYCBjhQuaWPdiwt3fZ3TMhF/6FjYXG2Ppv7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFWUtGotYPQSomeCStQw3gj0kimEUCNYJxjczv/PElOaxvDeThPkRDiUPOUVjpcdqD0Uywiu32i9X3Jo7B1klXk4qkKPZL3/1BjFNIyYNFah113MT42eoDKeCTUu9VLME6RiHrGupxIhpP5tfPCVnVhmQMFa2pCFz9fdEhpHWkyiwnRGakV72ZuJ/Xjc14aWfcZmkhkm6WBSmgpiYzN4nA64YNWJiCVLF7a2EjlAhNTakkg3BW355lbTrNc+teXf1SuM6j6MIJ3AK5+DBBTTgFprQAgoSnuEV3hztvDjvzseiteDkM8fwB87nDzorj/M=</latexit><latexit sha1_base64="qmXi2QAz1mJE/nX/6fO1V7eIZjA=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsabUyINpaYCBjhQuaWPdiwt3fZ3TMhF/6FjYXG2Ppv7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFWUtGotYPQSomeCStQw3gj0kimEUCNYJxjczv/PElOaxvDeThPkRDiUPOUVjpcdqD0Uywiu32i9X3Jo7B1klXk4qkKPZL3/1BjFNIyYNFah113MT42eoDKeCTUu9VLME6RiHrGupxIhpP5tfPCVnVhmQMFa2pCFz9fdEhpHWkyiwnRGakV72ZuJ/Xjc14aWfcZmkhkm6WBSmgpiYzN4nA64YNWJiCVLF7a2EjlAhNTakkg3BW355lbTrNc+teXf1SuM6j6MIJ3AK5+DBBTTgFprQAgoSnuEV3hztvDjvzseiteDkM8fwB87nDzorj/M=</latexit><latexit sha1_base64="qmXi2QAz1mJE/nX/6fO1V7eIZjA=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsabUyINpaYCBjhQuaWPdiwt3fZ3TMhF/6FjYXG2Ppv7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFWUtGotYPQSomeCStQw3gj0kimEUCNYJxjczv/PElOaxvDeThPkRDiUPOUVjpcdqD0Uywiu32i9X3Jo7B1klXk4qkKPZL3/1BjFNIyYNFah113MT42eoDKeCTUu9VLME6RiHrGupxIhpP5tfPCVnVhmQMFa2pCFz9fdEhpHWkyiwnRGakV72ZuJ/Xjc14aWfcZmkhkm6WBSmgpiYzN4nA64YNWJiCVLF7a2EjlAhNTakkg3BW355lbTrNc+teXf1SuM6j6MIJ3AK5+DBBTTgFprQAgoSnuEV3hztvDjvzseiteDkM8fwB87nDzorj/M=</latexit><latexit sha1_base64="qmXi2QAz1mJE/nX/6fO1V7eIZjA=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsabUyINpaYCBjhQuaWPdiwt3fZ3TMhF/6FjYXG2Ppv7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFWUtGotYPQSomeCStQw3gj0kimEUCNYJxjczv/PElOaxvDeThPkRDiUPOUVjpcdqD0Uywiu32i9X3Jo7B1klXk4qkKPZL3/1BjFNIyYNFah113MT42eoDKeCTUu9VLME6RiHrGupxIhpP5tfPCVnVhmQMFa2pCFz9fdEhpHWkyiwnRGakV72ZuJ/Xjc14aWfcZmkhkm6WBSmgpiYzN4nA64YNWJiCVLF7a2EjlAhNTakkg3BW355lbTrNc+teXf1SuM6j6MIJ3AK5+DBBTTgFprQAgoSnuEV3hztvDjvzseiteDkM8fwB87nDzorj/M=</latexit>

0 < ↵ < 1
<latexit sha1_base64="wsMl5BtFbCeMRR9d4olHtwjH6nM=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLSiINpaYCJjAhcwtC2zY2zt390jIhd9hY6Extv4YO/+NC1yh4EsmeXlvJjPzglhwbVz328ltbG5t7+R3C3v7B4dHxeOTlo4SRVmTRiJSjwFqJrhkTcONYI+xYhgGgrWD8e3cb0+Y0jySD2YaMz/EoeQDTtFYyS+7tS6KeIQ14pV7xZJbcRcg68TLSAkyNHrFr24/oknIpKECte54bmz8FJXhVLBZoZtoFiMd45B1LJUYMu2ni6Nn5MIqfTKIlC1pyEL9PZFiqPU0DGxniGakV725+J/XSczg2k+5jBPDJF0uGiSCmIjMEyB9rhg1YmoJUsXtrYSOUCE1NqeCDcFbfXmdtKoVz61499VS/SaLIw9ncA6X4MEV1OEOGtAECk/wDK/w5kycF+fd+Vi25pxs5hT+wPn8AYUDkJ0=</latexit><latexit sha1_base64="wsMl5BtFbCeMRR9d4olHtwjH6nM=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLSiINpaYCJjAhcwtC2zY2zt390jIhd9hY6Extv4YO/+NC1yh4EsmeXlvJjPzglhwbVz328ltbG5t7+R3C3v7B4dHxeOTlo4SRVmTRiJSjwFqJrhkTcONYI+xYhgGgrWD8e3cb0+Y0jySD2YaMz/EoeQDTtFYyS+7tS6KeIQ14pV7xZJbcRcg68TLSAkyNHrFr24/oknIpKECte54bmz8FJXhVLBZoZtoFiMd45B1LJUYMu2ni6Nn5MIqfTKIlC1pyEL9PZFiqPU0DGxniGakV725+J/XSczg2k+5jBPDJF0uGiSCmIjMEyB9rhg1YmoJUsXtrYSOUCE1NqeCDcFbfXmdtKoVz61499VS/SaLIw9ncA6X4MEV1OEOGtAECk/wDK/w5kycF+fd+Vi25pxs5hT+wPn8AYUDkJ0=</latexit><latexit sha1_base64="wsMl5BtFbCeMRR9d4olHtwjH6nM=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLSiINpaYCJjAhcwtC2zY2zt390jIhd9hY6Extv4YO/+NC1yh4EsmeXlvJjPzglhwbVz328ltbG5t7+R3C3v7B4dHxeOTlo4SRVmTRiJSjwFqJrhkTcONYI+xYhgGgrWD8e3cb0+Y0jySD2YaMz/EoeQDTtFYyS+7tS6KeIQ14pV7xZJbcRcg68TLSAkyNHrFr24/oknIpKECte54bmz8FJXhVLBZoZtoFiMd45B1LJUYMu2ni6Nn5MIqfTKIlC1pyEL9PZFiqPU0DGxniGakV725+J/XSczg2k+5jBPDJF0uGiSCmIjMEyB9rhg1YmoJUsXtrYSOUCE1NqeCDcFbfXmdtKoVz61499VS/SaLIw9ncA6X4MEV1OEOGtAECk/wDK/w5kycF+fd+Vi25pxs5hT+wPn8AYUDkJ0=</latexit><latexit sha1_base64="wsMl5BtFbCeMRR9d4olHtwjH6nM=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLSiINpaYCJjAhcwtC2zY2zt390jIhd9hY6Extv4YO/+NC1yh4EsmeXlvJjPzglhwbVz328ltbG5t7+R3C3v7B4dHxeOTlo4SRVmTRiJSjwFqJrhkTcONYI+xYhgGgrWD8e3cb0+Y0jySD2YaMz/EoeQDTtFYyS+7tS6KeIQ14pV7xZJbcRcg68TLSAkyNHrFr24/oknIpKECte54bmz8FJXhVLBZoZtoFiMd45B1LJUYMu2ni6Nn5MIqfTKIlC1pyEL9PZFiqPU0DGxniGakV725+J/XSczg2k+5jBPDJF0uGiSCmIjMEyB9rhg1YmoJUsXtrYSOUCE1NqeCDcFbfXmdtKoVz61499VS/SaLIw9ncA6X4MEV1OEOGtAECk/wDK/w5kycF+fd+Vi25pxs5hT+wPn8AYUDkJ0=</latexit>

1  ↵  2
<latexit sha1_base64="TIlGS66YRj6FyfwhVWYZjbn+Aq0=">AAAB/HicbZC7TsMwFIadcivlFujIYtEiMVVJFxgrWBiLRC9SG1UnrtNadZxgO0hRVF6FhQGEWHkQNt4Gp80ALb9k6dN/ztE5/v2YM6Ud59sqbWxube+Udyt7+weHR/bxSVdFiSS0QyIeyb4PinImaEczzWk/lhRCn9OeP7vJ671HKhWLxL1OY+qFMBEsYAS0sUZ2te4OOX0YAo+nkBNu1kd2zWk4C+F1cAuooULtkf01HEckCanQhINSA9eJtZeB1IxwOq8ME0VjIDOY0IFBASFVXrY4fo7PjTPGQSTNExov3N8TGYRKpaFvOkPQU7Vay83/aoNEB1dexkScaCrIclGQcKwjnCeBx0xSonlqAIhk5lZMpiCBaJNXxYTgrn55HbrNhus03LtmrXVdxFFGp+gMXSAXXaIWukVt1EEEpegZvaI368l6sd6tj2VrySpmquiPrM8fNFKT0A==</latexit><latexit sha1_base64="TIlGS66YRj6FyfwhVWYZjbn+Aq0=">AAAB/HicbZC7TsMwFIadcivlFujIYtEiMVVJFxgrWBiLRC9SG1UnrtNadZxgO0hRVF6FhQGEWHkQNt4Gp80ALb9k6dN/ztE5/v2YM6Ud59sqbWxube+Udyt7+weHR/bxSVdFiSS0QyIeyb4PinImaEczzWk/lhRCn9OeP7vJ671HKhWLxL1OY+qFMBEsYAS0sUZ2te4OOX0YAo+nkBNu1kd2zWk4C+F1cAuooULtkf01HEckCanQhINSA9eJtZeB1IxwOq8ME0VjIDOY0IFBASFVXrY4fo7PjTPGQSTNExov3N8TGYRKpaFvOkPQU7Vay83/aoNEB1dexkScaCrIclGQcKwjnCeBx0xSonlqAIhk5lZMpiCBaJNXxYTgrn55HbrNhus03LtmrXVdxFFGp+gMXSAXXaIWukVt1EEEpegZvaI368l6sd6tj2VrySpmquiPrM8fNFKT0A==</latexit><latexit sha1_base64="TIlGS66YRj6FyfwhVWYZjbn+Aq0=">AAAB/HicbZC7TsMwFIadcivlFujIYtEiMVVJFxgrWBiLRC9SG1UnrtNadZxgO0hRVF6FhQGEWHkQNt4Gp80ALb9k6dN/ztE5/v2YM6Ud59sqbWxube+Udyt7+weHR/bxSVdFiSS0QyIeyb4PinImaEczzWk/lhRCn9OeP7vJ671HKhWLxL1OY+qFMBEsYAS0sUZ2te4OOX0YAo+nkBNu1kd2zWk4C+F1cAuooULtkf01HEckCanQhINSA9eJtZeB1IxwOq8ME0VjIDOY0IFBASFVXrY4fo7PjTPGQSTNExov3N8TGYRKpaFvOkPQU7Vay83/aoNEB1dexkScaCrIclGQcKwjnCeBx0xSonlqAIhk5lZMpiCBaJNXxYTgrn55HbrNhus03LtmrXVdxFFGp+gMXSAXXaIWukVt1EEEpegZvaI368l6sd6tj2VrySpmquiPrM8fNFKT0A==</latexit><latexit sha1_base64="TIlGS66YRj6FyfwhVWYZjbn+Aq0=">AAAB/HicbZC7TsMwFIadcivlFujIYtEiMVVJFxgrWBiLRC9SG1UnrtNadZxgO0hRVF6FhQGEWHkQNt4Gp80ALb9k6dN/ztE5/v2YM6Ud59sqbWxube+Udyt7+weHR/bxSVdFiSS0QyIeyb4PinImaEczzWk/lhRCn9OeP7vJ671HKhWLxL1OY+qFMBEsYAS0sUZ2te4OOX0YAo+nkBNu1kd2zWk4C+F1cAuooULtkf01HEckCanQhINSA9eJtZeB1IxwOq8ME0VjIDOY0IFBASFVXrY4fo7PjTPGQSTNExov3N8TGYRKpaFvOkPQU7Vay83/aoNEB1dexkScaCrIclGQcKwjnCeBx0xSonlqAIhk5lZMpiCBaJNXxYTgrn55HbrNhus03LtmrXVdxFFGp+gMXSAXXaIWukVt1EEEpegZvaI368l6sd6tj2VrySpmquiPrM8fNFKT0A==</latexit>

2 < ↵
<latexit sha1_base64="NBIJQuPECyaBOLraQkJPyXG65TA=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLSyINpaYCBjhQuaWPdiwt3fZ3TMhF/6FjYXG2Ppv7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFWUtGotYPQSomeCStQw3gj0kimEUCNYJxjczv/PElOaxvDeThPkRDiUPOUVjpcdq/aqHIhlhtV+uuDV3DrJKvJxUIEezX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfja/eErOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwks/4zJJDZN0sShMBTExmb1PBlwxasTEEqSK21sJHaFCamxIJRuCt/zyKmnXa55b8+7qlcZ1HkcRTuAUzsGDC2jALTShBRQkPMMrvDnaeXHenY9Fa8HJZ47hD5zPHzl1j/Q=</latexit><latexit sha1_base64="NBIJQuPECyaBOLraQkJPyXG65TA=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLSyINpaYCBjhQuaWPdiwt3fZ3TMhF/6FjYXG2Ppv7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFWUtGotYPQSomeCStQw3gj0kimEUCNYJxjczv/PElOaxvDeThPkRDiUPOUVjpcdq/aqHIhlhtV+uuDV3DrJKvJxUIEezX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfja/eErOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwks/4zJJDZN0sShMBTExmb1PBlwxasTEEqSK21sJHaFCamxIJRuCt/zyKmnXa55b8+7qlcZ1HkcRTuAUzsGDC2jALTShBRQkPMMrvDnaeXHenY9Fa8HJZ47hD5zPHzl1j/Q=</latexit><latexit sha1_base64="NBIJQuPECyaBOLraQkJPyXG65TA=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLSyINpaYCBjhQuaWPdiwt3fZ3TMhF/6FjYXG2Ppv7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFWUtGotYPQSomeCStQw3gj0kimEUCNYJxjczv/PElOaxvDeThPkRDiUPOUVjpcdq/aqHIhlhtV+uuDV3DrJKvJxUIEezX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfja/eErOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwks/4zJJDZN0sShMBTExmb1PBlwxasTEEqSK21sJHaFCamxIJRuCt/zyKmnXa55b8+7qlcZ1HkcRTuAUzsGDC2jALTShBRQkPMMrvDnaeXHenY9Fa8HJZ47hD5zPHzl1j/Q=</latexit><latexit sha1_base64="NBIJQuPECyaBOLraQkJPyXG65TA=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLSyINpaYCBjhQuaWPdiwt3fZ3TMhF/6FjYXG2Ppv7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFWUtGotYPQSomeCStQw3gj0kimEUCNYJxjczv/PElOaxvDeThPkRDiUPOUVjpcdq/aqHIhlhtV+uuDV3DrJKvJxUIEezX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfja/eErOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwks/4zJJDZN0sShMBTExmb1PBlwxasTEEqSK21sJHaFCamxIJRuCt/zyKmnXa55b8+7qlcZ1HkcRTuAUzsGDC2jALTShBRQkPMMrvDnaeXHenY9Fa8HJZ47hD5zPHzl1j/Q=</latexit>

Bounded Slowly divergent Moderately divergent Fast divergent



Question to ask…
(Ding & W. 2020, submitted)

Recall the a�nity/kernel matrix:

W(i, j) = exp

✓
��

kxi � xjk2

h

◆
, 1  i, j  n, (1)

<latexit sha1_base64="iHEZBkZjgEMlg/BtBiasFG4+62s="></latexit><latexit sha1_base64="iHEZBkZjgEMlg/BtBiasFG4+62s="></latexit><latexit sha1_base64="iHEZBkZjgEMlg/BtBiasFG4+62s="></latexit><latexit sha1_base64="iHEZBkZjgEMlg/BtBiasFG4+62s="></latexit>

� > 0: chosen parameter
<latexit sha1_base64="M9VbgKINP1v4VUiQYskzt4IWJJI=">AAACCHicbZC7SgNBFIZn4y3G26qlhYOJYBV20ygWErSxjGAukCxhdnKSDJmdWWZmhbCktPFVbCwUsfUR7HwbJ8kWmvjDwM9/zuHM+cKYM20879vJrayurW/kNwtb2zu7e+7+QUPLRFGoU8mlaoVEA2cC6oYZDq1YAYlCDs1wdDOtNx9AaSbFvRnHEERkIFifUWJs1HWPS50k1oxLceWVLjEdSg0Cx0SRCAwo3HWLXtmbCS8bPzNFlKnWdb86PUmTCIShnGjd9r3YBClRhlEOk0In0RATOiIDaFsr7B4dpLNDJvjUJj3cl8o+YfAs/T2RkkjrcRTazoiYoV6sTcP/au3E9C+ClIk4MSDofFE/4dhIPKWCe0wBNXxsDaGK2b9aFBYCtQx0wULwF09eNo1K2ffK/l2lWL3OcOTRETpBZ8hH56iKblEN1RFFj+gZvaI358l5cd6dj3lrzslmDtEfOZ8/QSSY1g==</latexit><latexit sha1_base64="M9VbgKINP1v4VUiQYskzt4IWJJI=">AAACCHicbZC7SgNBFIZn4y3G26qlhYOJYBV20ygWErSxjGAukCxhdnKSDJmdWWZmhbCktPFVbCwUsfUR7HwbJ8kWmvjDwM9/zuHM+cKYM20879vJrayurW/kNwtb2zu7e+7+QUPLRFGoU8mlaoVEA2cC6oYZDq1YAYlCDs1wdDOtNx9AaSbFvRnHEERkIFifUWJs1HWPS50k1oxLceWVLjEdSg0Cx0SRCAwo3HWLXtmbCS8bPzNFlKnWdb86PUmTCIShnGjd9r3YBClRhlEOk0In0RATOiIDaFsr7B4dpLNDJvjUJj3cl8o+YfAs/T2RkkjrcRTazoiYoV6sTcP/au3E9C+ClIk4MSDofFE/4dhIPKWCe0wBNXxsDaGK2b9aFBYCtQx0wULwF09eNo1K2ffK/l2lWL3OcOTRETpBZ8hH56iKblEN1RFFj+gZvaI358l5cd6dj3lrzslmDtEfOZ8/QSSY1g==</latexit><latexit sha1_base64="M9VbgKINP1v4VUiQYskzt4IWJJI=">AAACCHicbZC7SgNBFIZn4y3G26qlhYOJYBV20ygWErSxjGAukCxhdnKSDJmdWWZmhbCktPFVbCwUsfUR7HwbJ8kWmvjDwM9/zuHM+cKYM20879vJrayurW/kNwtb2zu7e+7+QUPLRFGoU8mlaoVEA2cC6oYZDq1YAYlCDs1wdDOtNx9AaSbFvRnHEERkIFifUWJs1HWPS50k1oxLceWVLjEdSg0Cx0SRCAwo3HWLXtmbCS8bPzNFlKnWdb86PUmTCIShnGjd9r3YBClRhlEOk0In0RATOiIDaFsr7B4dpLNDJvjUJj3cl8o+YfAs/T2RkkjrcRTazoiYoV6sTcP/au3E9C+ClIk4MSDofFE/4dhIPKWCe0wBNXxsDaGK2b9aFBYCtQx0wULwF09eNo1K2ffK/l2lWL3OcOTRETpBZ8hH56iKblEN1RFFj+gZvaI358l5cd6dj3lrzslmDtEfOZ8/QSSY1g==</latexit><latexit sha1_base64="M9VbgKINP1v4VUiQYskzt4IWJJI=">AAACCHicbZC7SgNBFIZn4y3G26qlhYOJYBV20ygWErSxjGAukCxhdnKSDJmdWWZmhbCktPFVbCwUsfUR7HwbJ8kWmvjDwM9/zuHM+cKYM20879vJrayurW/kNwtb2zu7e+7+QUPLRFGoU8mlaoVEA2cC6oYZDq1YAYlCDs1wdDOtNx9AaSbFvRnHEERkIFifUWJs1HWPS50k1oxLceWVLjEdSg0Cx0SRCAwo3HWLXtmbCS8bPzNFlKnWdb86PUmTCIShnGjd9r3YBClRhlEOk0In0RATOiIDaFsr7B4dpLNDJvjUJj3cl8o+YfAs/T2RkkjrcRTazoiYoV6sTcP/au3E9C+ClIk4MSDofFE/4dhIPKWCe0wBNXxsDaGK2b9aFBYCtQx0wULwF09eNo1K2ffK/l2lWL3OcOTRETpBZ8hH56iKblEN1RFFj+gZvaI358l5cd6dj3lrzslmDtEfOZ8/QSSY1g==</latexit>

h ⌘ h(n): chosen bandwidth
<latexit sha1_base64="d5jSUDgC37hFw6nE7taHt3VdsV4=">AAACC3icbVC7TgJBFJ3FF64v1NJmAphgQ3ZpNFZEG0tM5JHAhszOXtgJs7PrzCyGEHobf8XGQmNs/QE7/8bhUSh4kpucnHNv7r3HTzhT2nG+rcza+sbmVnbb3tnd2z/IHR41VJxKCnUa81i2fKKAMwF1zTSHViKBRD6Hpj+4nvrNIUjFYnGnRwl4EekL1mOUaCN1c/liiDtwn7IhDkvirHiJbRrGCgT2iQgeWKDDbq7glJ0Z8CpxF6SAFqh1c1+dIKZpBEJTTpRqu06ivTGRmlEOE7uTKkgIHZA+tA0VJALljWe/TPCpUQLci6UpofFM/T0xJpFSo8g3nRHRoVr2puJ/XjvVvQtvzESSahB0vqiXcqxjPA0GB0wC1XxkCKGSmVsxDYkkVJv4bBOCu/zyKmlUyq5Tdm8rherVIo4sOkF5VEIuOkdVdINqqI4oekTP6BW9WU/Wi/VufcxbM9Zi5hj9gfX5A03rmVM=</latexit><latexit sha1_base64="d5jSUDgC37hFw6nE7taHt3VdsV4=">AAACC3icbVC7TgJBFJ3FF64v1NJmAphgQ3ZpNFZEG0tM5JHAhszOXtgJs7PrzCyGEHobf8XGQmNs/QE7/8bhUSh4kpucnHNv7r3HTzhT2nG+rcza+sbmVnbb3tnd2z/IHR41VJxKCnUa81i2fKKAMwF1zTSHViKBRD6Hpj+4nvrNIUjFYnGnRwl4EekL1mOUaCN1c/liiDtwn7IhDkvirHiJbRrGCgT2iQgeWKDDbq7glJ0Z8CpxF6SAFqh1c1+dIKZpBEJTTpRqu06ivTGRmlEOE7uTKkgIHZA+tA0VJALljWe/TPCpUQLci6UpofFM/T0xJpFSo8g3nRHRoVr2puJ/XjvVvQtvzESSahB0vqiXcqxjPA0GB0wC1XxkCKGSmVsxDYkkVJv4bBOCu/zyKmlUyq5Tdm8rherVIo4sOkF5VEIuOkdVdINqqI4oekTP6BW9WU/Wi/VufcxbM9Zi5hj9gfX5A03rmVM=</latexit><latexit sha1_base64="d5jSUDgC37hFw6nE7taHt3VdsV4=">AAACC3icbVC7TgJBFJ3FF64v1NJmAphgQ3ZpNFZEG0tM5JHAhszOXtgJs7PrzCyGEHobf8XGQmNs/QE7/8bhUSh4kpucnHNv7r3HTzhT2nG+rcza+sbmVnbb3tnd2z/IHR41VJxKCnUa81i2fKKAMwF1zTSHViKBRD6Hpj+4nvrNIUjFYnGnRwl4EekL1mOUaCN1c/liiDtwn7IhDkvirHiJbRrGCgT2iQgeWKDDbq7glJ0Z8CpxF6SAFqh1c1+dIKZpBEJTTpRqu06ivTGRmlEOE7uTKkgIHZA+tA0VJALljWe/TPCpUQLci6UpofFM/T0xJpFSo8g3nRHRoVr2puJ/XjvVvQtvzESSahB0vqiXcqxjPA0GB0wC1XxkCKGSmVsxDYkkVJv4bBOCu/zyKmlUyq5Tdm8rherVIo4sOkF5VEIuOkdVdINqqI4oekTP6BW9WU/Wi/VufcxbM9Zi5hj9gfX5A03rmVM=</latexit><latexit sha1_base64="d5jSUDgC37hFw6nE7taHt3VdsV4=">AAACC3icbVC7TgJBFJ3FF64v1NJmAphgQ3ZpNFZEG0tM5JHAhszOXtgJs7PrzCyGEHobf8XGQmNs/QE7/8bhUSh4kpucnHNv7r3HTzhT2nG+rcza+sbmVnbb3tnd2z/IHR41VJxKCnUa81i2fKKAMwF1zTSHViKBRD6Hpj+4nvrNIUjFYnGnRwl4EekL1mOUaCN1c/liiDtwn7IhDkvirHiJbRrGCgT2iQgeWKDDbq7glJ0Z8CpxF6SAFqh1c1+dIKZpBEJTTpRqu06ivTGRmlEOE7uTKkgIHZA+tA0VJALljWe/TPCpUQLci6UpofFM/T0xJpFSo8g3nRHRoVr2puJ/XjvVvQtvzESSahB0vqiXcqxjPA0GB0wC1XxkCKGSmVsxDYkkVJv4bBOCu/zyKmlUyq5Tdm8rherVIo4sOkF5VEIuOkdVdINqqI4oekTP6BW9WU/Wi/VufcxbM9Zi5hj9gfX5A03rmVM=</latexit>

Set h = p
<latexit sha1_base64="Mt/6PdTfc1sVbkIukfj0bLC0/lY=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsabUyINpYY5cPAhewte7Bh9+6yO2dCCL/CxkJjbP05dv4bF7hCwZdM8vLeTGbmBYkUBl3328mtrW9sbuW3Czu7e/sHxcOjpolTzXiDxTLW7YAaLkXEGyhQ8naiOVWB5K1gdDPzW09cGxFHDzhOuK/oIBKhYBSt9HjPkZSHV0m5Vyy5FXcOskq8jJQgQ71X/Or2Y5YqHiGT1JiO5yboT6hGwSSfFrqp4QllIzrgHUsjqrjxJ/ODp+TMKn0SxtpWhGSu/p6YUGXMWAW2U1EcmmVvJv7ndVIML/2JiJIUecQWi8JUEozJ7HvSF5ozlGNLKNPC3krYkGrK0GZUsCF4yy+vkma14rkV765aql1nceThBE7hHDy4gBrcQh0awEDBM7zCm6OdF+fd+Vi05pxs5hj+wPn8AWrlj3s=</latexit><latexit sha1_base64="Mt/6PdTfc1sVbkIukfj0bLC0/lY=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsabUyINpYY5cPAhewte7Bh9+6yO2dCCL/CxkJjbP05dv4bF7hCwZdM8vLeTGbmBYkUBl3328mtrW9sbuW3Czu7e/sHxcOjpolTzXiDxTLW7YAaLkXEGyhQ8naiOVWB5K1gdDPzW09cGxFHDzhOuK/oIBKhYBSt9HjPkZSHV0m5Vyy5FXcOskq8jJQgQ71X/Or2Y5YqHiGT1JiO5yboT6hGwSSfFrqp4QllIzrgHUsjqrjxJ/ODp+TMKn0SxtpWhGSu/p6YUGXMWAW2U1EcmmVvJv7ndVIML/2JiJIUecQWi8JUEozJ7HvSF5ozlGNLKNPC3krYkGrK0GZUsCF4yy+vkma14rkV765aql1nceThBE7hHDy4gBrcQh0awEDBM7zCm6OdF+fd+Vi05pxs5hj+wPn8AWrlj3s=</latexit><latexit sha1_base64="Mt/6PdTfc1sVbkIukfj0bLC0/lY=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsabUyINpYY5cPAhewte7Bh9+6yO2dCCL/CxkJjbP05dv4bF7hCwZdM8vLeTGbmBYkUBl3328mtrW9sbuW3Czu7e/sHxcOjpolTzXiDxTLW7YAaLkXEGyhQ8naiOVWB5K1gdDPzW09cGxFHDzhOuK/oIBKhYBSt9HjPkZSHV0m5Vyy5FXcOskq8jJQgQ71X/Or2Y5YqHiGT1JiO5yboT6hGwSSfFrqp4QllIzrgHUsjqrjxJ/ODp+TMKn0SxtpWhGSu/p6YUGXMWAW2U1EcmmVvJv7ndVIML/2JiJIUecQWi8JUEozJ7HvSF5ozlGNLKNPC3krYkGrK0GZUsCF4yy+vkma14rkV765aql1nceThBE7hHDy4gBrcQh0awEDBM7zCm6OdF+fd+Vi05pxs5hj+wPn8AWrlj3s=</latexit><latexit sha1_base64="Mt/6PdTfc1sVbkIukfj0bLC0/lY=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsabUyINpYY5cPAhewte7Bh9+6yO2dCCL/CxkJjbP05dv4bF7hCwZdM8vLeTGbmBYkUBl3328mtrW9sbuW3Czu7e/sHxcOjpolTzXiDxTLW7YAaLkXEGyhQ8naiOVWB5K1gdDPzW09cGxFHDzhOuK/oIBKhYBSt9HjPkZSHV0m5Vyy5FXcOskq8jJQgQ71X/Or2Y5YqHiGT1JiO5yboT6hGwSSfFrqp4QllIzrgHUsjqrjxJ/ODp+TMKn0SxtpWhGSu/p6YUGXMWAW2U1EcmmVvJv7ndVIML/2JiJIUecQWi8JUEozJ7HvSF5ozlGNLKNPC3krYkGrK0GZUsCF4yy+vkma14rkV765aql1nceThBE7hHDy4gBrcQh0awEDBM7zCm6OdF+fd+Vi05pxs5hj+wPn8AWrlj3s=</latexit>

W(i, j) = exp

✓
��

kxi � xjk2

p

◆
,

<latexit sha1_base64="9O7FwbFwXfKOV4w8vdGGwwB3avQ="></latexit><latexit sha1_base64="9O7FwbFwXfKOV4w8vdGGwwB3avQ="></latexit><latexit sha1_base64="9O7FwbFwXfKOV4w8vdGGwwB3avQ="></latexit><latexit sha1_base64="9O7FwbFwXfKOV4w8vdGGwwB3avQ="></latexit>



Question to ask…
(Ding & W. 2020, submitted)

W1(i, j) = exp

 
��

kx(1)
i � x(1)

j k2

p

!
, 1  i, j  n,

<latexit sha1_base64="kex4W429RJxUsPGhGnhgeuBikJg="></latexit><latexit sha1_base64="kex4W429RJxUsPGhGnhgeuBikJg="></latexit><latexit sha1_base64="kex4W429RJxUsPGhGnhgeuBikJg="></latexit><latexit sha1_base64="kex4W429RJxUsPGhGnhgeuBikJg="></latexit>

x(1)
i =

p
�xi � e1, i = 1, . . . , n be the clean cloud points

<latexit sha1_base64="ruIzUnjQ3PCwzqwX975mqhs6cNM="></latexit><latexit sha1_base64="ruIzUnjQ3PCwzqwX975mqhs6cNM="></latexit><latexit sha1_base64="ruIzUnjQ3PCwzqwX975mqhs6cNM="></latexit><latexit sha1_base64="ruIzUnjQ3PCwzqwX975mqhs6cNM="></latexit>

What’s the spectral relationship between W and W1?
<latexit sha1_base64="7KIZwTotbLGqmi3FYyFGIoQiHQI="></latexit><latexit sha1_base64="7KIZwTotbLGqmi3FYyFGIoQiHQI="></latexit><latexit sha1_base64="7KIZwTotbLGqmi3FYyFGIoQiHQI="></latexit><latexit sha1_base64="7KIZwTotbLGqmi3FYyFGIoQiHQI="></latexit>

From clean manifold (linear 1-dim)



Key observation & setup

W = W1 �Wy
<latexit sha1_base64="B8s6qK/S4k6eHWpw3PFMSLQixAU=">AAACNXicbVDLSsNAFJ34rPUVdelmsAjioiTd6EYounHhooJ9QFPKZHrTDp1M4sxEKKE/5cb/cKULF4q49RecpAVr64GBwzn3MPceP+ZMacd5tZaWV1bX1gsbxc2t7Z1de2+/oaJEUqjTiEey5RMFnAmoa6Y5tGIJJPQ5NP3hVeY3H0AqFok7PYqhE5K+YAGjRBupa994PvSZSOE+yZXTcdELiR74QdocX/zSrutRJimeUUZFD0RvNtm1S07ZyYEXiTslJTRFrWs/e72IJiEITTlRqu06se6kRGpGOZhVEgUxoUPSh7ahgoSgOml+9RgfG6WHg0iaJzTO1dlESkKlRqFvJrOl1byXif957UQH552UiTjRIOjkoyDhWEc4qxD3mASq+cgQQiUzu2I6IJJQbYrOSnDnT14kjUrZdcrubaVUvZzWUUCH6AidIBedoSq6RjVURxQ9ohf0jj6sJ+vN+rS+JqNL1jRzgP7A+v4BOres3A==</latexit><latexit sha1_base64="B8s6qK/S4k6eHWpw3PFMSLQixAU=">AAACNXicbVDLSsNAFJ34rPUVdelmsAjioiTd6EYounHhooJ9QFPKZHrTDp1M4sxEKKE/5cb/cKULF4q49RecpAVr64GBwzn3MPceP+ZMacd5tZaWV1bX1gsbxc2t7Z1de2+/oaJEUqjTiEey5RMFnAmoa6Y5tGIJJPQ5NP3hVeY3H0AqFok7PYqhE5K+YAGjRBupa994PvSZSOE+yZXTcdELiR74QdocX/zSrutRJimeUUZFD0RvNtm1S07ZyYEXiTslJTRFrWs/e72IJiEITTlRqu06se6kRGpGOZhVEgUxoUPSh7ahgoSgOml+9RgfG6WHg0iaJzTO1dlESkKlRqFvJrOl1byXif957UQH552UiTjRIOjkoyDhWEc4qxD3mASq+cgQQiUzu2I6IJJQbYrOSnDnT14kjUrZdcrubaVUvZzWUUCH6AidIBedoSq6RjVURxQ9ohf0jj6sJ+vN+rS+JqNL1jRzgP7A+v4BOres3A==</latexit><latexit sha1_base64="B8s6qK/S4k6eHWpw3PFMSLQixAU=">AAACNXicbVDLSsNAFJ34rPUVdelmsAjioiTd6EYounHhooJ9QFPKZHrTDp1M4sxEKKE/5cb/cKULF4q49RecpAVr64GBwzn3MPceP+ZMacd5tZaWV1bX1gsbxc2t7Z1de2+/oaJEUqjTiEey5RMFnAmoa6Y5tGIJJPQ5NP3hVeY3H0AqFok7PYqhE5K+YAGjRBupa994PvSZSOE+yZXTcdELiR74QdocX/zSrutRJimeUUZFD0RvNtm1S07ZyYEXiTslJTRFrWs/e72IJiEITTlRqu06se6kRGpGOZhVEgUxoUPSh7ahgoSgOml+9RgfG6WHg0iaJzTO1dlESkKlRqFvJrOl1byXif957UQH552UiTjRIOjkoyDhWEc4qxD3mASq+cgQQiUzu2I6IJJQbYrOSnDnT14kjUrZdcrubaVUvZzWUUCH6AidIBedoSq6RjVURxQ9ohf0jj6sJ+vN+rS+JqNL1jRzgP7A+v4BOres3A==</latexit><latexit sha1_base64="B8s6qK/S4k6eHWpw3PFMSLQixAU=">AAACNXicbVDLSsNAFJ34rPUVdelmsAjioiTd6EYounHhooJ9QFPKZHrTDp1M4sxEKKE/5cb/cKULF4q49RecpAVr64GBwzn3MPceP+ZMacd5tZaWV1bX1gsbxc2t7Z1de2+/oaJEUqjTiEey5RMFnAmoa6Y5tGIJJPQ5NP3hVeY3H0AqFok7PYqhE5K+YAGjRBupa994PvSZSOE+yZXTcdELiR74QdocX/zSrutRJimeUUZFD0RvNtm1S07ZyYEXiTslJTRFrWs/e72IJiEITTlRqu06se6kRGpGOZhVEgUxoUPSh7ahgoSgOml+9RgfG6WHg0iaJzTO1dlESkKlRqFvJrOl1byXif957UQH552UiTjRIOjkoyDhWEc4qxD3mASq+cgQQiUzu2I6IJJQbYrOSnDnT14kjUrZdcrubaVUvZzWUUCH6AidIBedoSq6RjVURxQ9ohf0jj6sJ+vN+rS+JqNL1jRzgP7A+v4BOres3A==</latexit>

xi = x(1)
i + yi

<latexit sha1_base64="gsXV8RWseM6NYjWNwz5yZFSZEtI="></latexit><latexit sha1_base64="gsXV8RWseM6NYjWNwz5yZFSZEtI="></latexit><latexit sha1_base64="gsXV8RWseM6NYjWNwz5yZFSZEtI="></latexit><latexit sha1_base64="gsXV8RWseM6NYjWNwz5yZFSZEtI="></latexit>

For some small ⇣ > 0 and ⇠ > 0, with probability at least 1�O(n�1/2�⇣), when
n is su�ciently large, we have

|Wy � (c1p
�1Y>Y + c2In +R3)k  n

�⇠
,

<latexit sha1_base64="6J5lm7gmP+UegvLZhSJu8BG6MuI="></latexit><latexit sha1_base64="6J5lm7gmP+UegvLZhSJu8BG6MuI="></latexit><latexit sha1_base64="6J5lm7gmP+UegvLZhSJu8BG6MuI="></latexit><latexit sha1_base64="6J5lm7gmP+UegvLZhSJu8BG6MuI="></latexit>

Classical result (pure noise, null)

Clean signal

Noise

Noisy signal



Classical result (null case)
By the Taylor expansion at 2, when i 6= j,

Wy(i, j) =f(2) + f 0(2) [Ox(i, j)� 2Px(i, j)] +
f (2)(⌧)

2
[Ox(i, j)� 2Px(i, j)]

2

+
f (3)(⇠x(i, j))

6
[Ox(i, j)� 2Px(i, j)]

3 ,
<latexit sha1_base64="zXN7V3z6eDO3OzdRaUWS/jzuKrM="></latexit><latexit sha1_base64="zXN7V3z6eDO3OzdRaUWS/jzuKrM="></latexit><latexit sha1_base64="zXN7V3z6eDO3OzdRaUWS/jzuKrM="></latexit><latexit sha1_base64="zXN7V3z6eDO3OzdRaUWS/jzuKrM="></latexit>

Py(i, j) = (1� �ij)
y>
i yj

p
<latexit sha1_base64="ip2GkgC2hSJ5Iajdz0psylN9ovw="></latexit><latexit sha1_base64="ip2GkgC2hSJ5Iajdz0psylN9ovw="></latexit><latexit sha1_base64="ip2GkgC2hSJ5Iajdz0psylN9ovw="></latexit><latexit sha1_base64="ip2GkgC2hSJ5Iajdz0psylN9ovw="></latexit>

Oy(i, j) = (1� �ij)
⇣

kyik2
2+kyjk2

2
p � 2

⌘

<latexit sha1_base64="FgAPs2FjGY3qYuo3GGP6CzagzBo="></latexit><latexit sha1_base64="FgAPs2FjGY3qYuo3GGP6CzagzBo="></latexit><latexit sha1_base64="FgAPs2FjGY3qYuo3GGP6CzagzBo="></latexit><latexit sha1_base64="FgAPs2FjGY3qYuo3GGP6CzagzBo="></latexit>

Wy = f(2)11> � 2f 0(2)

p
Y>Y + f 0(2)Oy + 2f 0(2)

✓
1

p
diag(ky1k2, . . . , kynk2)� 1

◆

+
f 00(2)

2
Hy +

f 000(⇠(i, j))

6
Qy + &(�)I

<latexit sha1_base64="ThYx/YjsMJlpvjLbAAwuVMcrRHo="></latexit><latexit sha1_base64="ThYx/YjsMJlpvjLbAAwuVMcrRHo="></latexit><latexit sha1_base64="ThYx/YjsMJlpvjLbAAwuVMcrRHo="></latexit><latexit sha1_base64="ThYx/YjsMJlpvjLbAAwuVMcrRHo="></latexit>

Wy(i, j) =f(2) + f 0(2) [Oy(i, j)� 2Py(i, j)] +
f 00(2)

2
[Oy(i, j)� 2Py(i, j)]

2

+
f 000(⇠(i, j))

6
[Oy(i, j)� 2Py(i, j)]

3 ,
<latexit sha1_base64="sHCRvebKwO3hP9vG70XyLSoQMEU="></latexit><latexit sha1_base64="sHCRvebKwO3hP9vG70XyLSoQMEU="></latexit><latexit sha1_base64="sHCRvebKwO3hP9vG70XyLSoQMEU="></latexit><latexit sha1_base64="sHCRvebKwO3hP9vG70XyLSoQMEU="></latexit>



Classical result (null case)

Sh1(2) := f 0(2)[1�> + �1>]
<latexit sha1_base64="BuqDhl6rv+PltG08jAQ2KLki8N0="></latexit><latexit sha1_base64="BuqDhl6rv+PltG08jAQ2KLki8N0="></latexit><latexit sha1_base64="BuqDhl6rv+PltG08jAQ2KLki8N0="></latexit><latexit sha1_base64="BuqDhl6rv+PltG08jAQ2KLki8N0="></latexit>

Sh2(2) :=
f 00(2)

2

h
1(� � �)> + (� � �)1> + 2��> + 4p+1

p2 11>
i

<latexit sha1_base64="dJ4QdzZRu8Fnv4eLKKNRTJ0kyCM="></latexit><latexit sha1_base64="dJ4QdzZRu8Fnv4eLKKNRTJ0kyCM="></latexit><latexit sha1_base64="dJ4QdzZRu8Fnv4eLKKNRTJ0kyCM="></latexit><latexit sha1_base64="dJ4QdzZRu8Fnv4eLKKNRTJ0kyCM="></latexit>

Higher order & small

Wy = f(2)11> � 2f 0(2)

p
Y>Y + f 0(2)Oy + 2f 0(2)

✓
1

p
diag(ky1k2, . . . , kynk2)� 1

◆

+
f 00(2)

2
Hy +

f 000(⇠(i, j))

6
Qy + &(�)I

<latexit sha1_base64="ThYx/YjsMJlpvjLbAAwuVMcrRHo="></latexit><latexit sha1_base64="ThYx/YjsMJlpvjLbAAwuVMcrRHo="></latexit><latexit sha1_base64="ThYx/YjsMJlpvjLbAAwuVMcrRHo="></latexit><latexit sha1_base64="ThYx/YjsMJlpvjLbAAwuVMcrRHo="></latexit>

� = (�1, . . . ,�n) with �i =
1
pkyik22 � 1

<latexit sha1_base64="rIclmE9rzx5MJkzGUqyh5ZUVcpo="></latexit><latexit sha1_base64="rIclmE9rzx5MJkzGUqyh5ZUVcpo="></latexit><latexit sha1_base64="rIclmE9rzx5MJkzGUqyh5ZUVcpo="></latexit><latexit sha1_base64="rIclmE9rzx5MJkzGUqyh5ZUVcpo="></latexit>

Wy ⇡ 2f 0(2)

p
Y>Y

<latexit sha1_base64="crgEjInQr5HeLPIlUn9rNDYfDgY=">AAACKnicbVC7TsMwFHXKq5RXgZHFokKUpUqywFhgYSwSfaAmVI7rtFad2LIdRBXle1j4FZYOoIqVD8F9IKDlSJaOz7lX994TCEaVtu2xlVtZXVvfyG8WtrZ3dveK+wcNxROJSR1zxmUrQIowGpO6ppqRlpAERQEjzWBwPfGbj0QqyuM7PRTEj1AvpiHFSBupU7z02l6EdD8I02bWGXpICMmfoBdKhFM3PC27Z1kqsu+a++zB01z8fD2/UyzZFXsKuEycOSmBOWqd4sjrcpxEJNaYIaXaji20nyKpKWYkK3iJIgLhAeqRtqExiojy0+mpGTwxSheGXJoXazhVf3ekKFJqGAWmcrKjWvQm4n9eO9HhhZ/SWCSaxHg2KEwY1BxOcoNdKgnWbGgIwpKaXSHuI5OSNukWTAjO4snLpOFWHLvi3Lql6tU8jjw4AsegDBxwDqrgBtRAHWDwDF7BG3i3XqyRNbY+ZqU5a95zCP7A+vwClAmokw==</latexit><latexit sha1_base64="crgEjInQr5HeLPIlUn9rNDYfDgY=">AAACKnicbVC7TsMwFHXKq5RXgZHFokKUpUqywFhgYSwSfaAmVI7rtFad2LIdRBXle1j4FZYOoIqVD8F9IKDlSJaOz7lX994TCEaVtu2xlVtZXVvfyG8WtrZ3dveK+wcNxROJSR1zxmUrQIowGpO6ppqRlpAERQEjzWBwPfGbj0QqyuM7PRTEj1AvpiHFSBupU7z02l6EdD8I02bWGXpICMmfoBdKhFM3PC27Z1kqsu+a++zB01z8fD2/UyzZFXsKuEycOSmBOWqd4sjrcpxEJNaYIaXaji20nyKpKWYkK3iJIgLhAeqRtqExiojy0+mpGTwxSheGXJoXazhVf3ekKFJqGAWmcrKjWvQm4n9eO9HhhZ/SWCSaxHg2KEwY1BxOcoNdKgnWbGgIwpKaXSHuI5OSNukWTAjO4snLpOFWHLvi3Lql6tU8jjw4AsegDBxwDqrgBtRAHWDwDF7BG3i3XqyRNbY+ZqU5a95zCP7A+vwClAmokw==</latexit><latexit sha1_base64="crgEjInQr5HeLPIlUn9rNDYfDgY=">AAACKnicbVC7TsMwFHXKq5RXgZHFokKUpUqywFhgYSwSfaAmVI7rtFad2LIdRBXle1j4FZYOoIqVD8F9IKDlSJaOz7lX994TCEaVtu2xlVtZXVvfyG8WtrZ3dveK+wcNxROJSR1zxmUrQIowGpO6ppqRlpAERQEjzWBwPfGbj0QqyuM7PRTEj1AvpiHFSBupU7z02l6EdD8I02bWGXpICMmfoBdKhFM3PC27Z1kqsu+a++zB01z8fD2/UyzZFXsKuEycOSmBOWqd4sjrcpxEJNaYIaXaji20nyKpKWYkK3iJIgLhAeqRtqExiojy0+mpGTwxSheGXJoXazhVf3ekKFJqGAWmcrKjWvQm4n9eO9HhhZ/SWCSaxHg2KEwY1BxOcoNdKgnWbGgIwpKaXSHuI5OSNukWTAjO4snLpOFWHLvi3Lql6tU8jjw4AsegDBxwDqrgBtRAHWDwDF7BG3i3XqyRNbY+ZqU5a95zCP7A+vwClAmokw==</latexit><latexit sha1_base64="crgEjInQr5HeLPIlUn9rNDYfDgY=">AAACKnicbVC7TsMwFHXKq5RXgZHFokKUpUqywFhgYSwSfaAmVI7rtFad2LIdRBXle1j4FZYOoIqVD8F9IKDlSJaOz7lX994TCEaVtu2xlVtZXVvfyG8WtrZ3dveK+wcNxROJSR1zxmUrQIowGpO6ppqRlpAERQEjzWBwPfGbj0QqyuM7PRTEj1AvpiHFSBupU7z02l6EdD8I02bWGXpICMmfoBdKhFM3PC27Z1kqsu+a++zB01z8fD2/UyzZFXsKuEycOSmBOWqd4sjrcpxEJNaYIaXaji20nyKpKWYkK3iJIgLhAeqRtqExiojy0+mpGTwxSheGXJoXazhVf3ekKFJqGAWmcrKjWvQm4n9eO9HhhZ/SWCSaxHg2KEwY1BxOcoNdKgnWbGgIwpKaXSHuI5OSNukWTAjO4snLpOFWHLvi3Lql6tU8jjw4AsegDBxwDqrgBtRAHWDwDF7BG3i3XqyRNbY+ZqU5a95zCP7A+vwClAmokw==</latexit>

up to a low/fixed rank perturbation with high probability! 

The random matrix theory results kick in & help !
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<latexit sha1_base64="4l8dDA/8IBQDBJ28jj2Y6zjQwsw=">AAAB+nicbVC7TsMwFL3hWcorhZHFokViqpIuMFawMBaJPqQmqhzHaa06TmQ7VFXop7AwgBArX8LG3+C2GaDlSJaOzjlX9/oEKWdKO863tbG5tb2zW9or7x8cHh3blZOOSjJJaJskPJG9ACvKmaBtzTSnvVRSHAecdoPx7dzvPlKpWCIe9DSlfoyHgkWMYG2kgV2pedykQ+xlKZYymdQGdtWpOwugdeIWpAoFWgP7ywsTksVUaMKxUn3XSbWfY6kZ4XRW9jJFU0zGeEj7hgocU+Xni9Nn6MIoIYoSaZ7QaKH+nshxrNQ0DkwyxnqkVr25+J/Xz3R07edMpJmmgiwXRRlHOkHzHlDIJCWaTw3BRDJzKyIjLDHRpq2yKcFd/fI66TTqrlN37xvV5k1RRwnO4BwuwYUraMIdtKANBCbwDK/wZj1ZL9a79bGMbljFzCn8gfX5A+z7k8Q=</latexit><latexit sha1_base64="4l8dDA/8IBQDBJ28jj2Y6zjQwsw=">AAAB+nicbVC7TsMwFL3hWcorhZHFokViqpIuMFawMBaJPqQmqhzHaa06TmQ7VFXop7AwgBArX8LG3+C2GaDlSJaOzjlX9/oEKWdKO863tbG5tb2zW9or7x8cHh3blZOOSjJJaJskPJG9ACvKmaBtzTSnvVRSHAecdoPx7dzvPlKpWCIe9DSlfoyHgkWMYG2kgV2pedykQ+xlKZYymdQGdtWpOwugdeIWpAoFWgP7ywsTksVUaMKxUn3XSbWfY6kZ4XRW9jJFU0zGeEj7hgocU+Xni9Nn6MIoIYoSaZ7QaKH+nshxrNQ0DkwyxnqkVr25+J/Xz3R07edMpJmmgiwXRRlHOkHzHlDIJCWaTw3BRDJzKyIjLDHRpq2yKcFd/fI66TTqrlN37xvV5k1RRwnO4BwuwYUraMIdtKANBCbwDK/wZj1ZL9a79bGMbljFzCn8gfX5A+z7k8Q=</latexit><latexit sha1_base64="4l8dDA/8IBQDBJ28jj2Y6zjQwsw=">AAAB+nicbVC7TsMwFL3hWcorhZHFokViqpIuMFawMBaJPqQmqhzHaa06TmQ7VFXop7AwgBArX8LG3+C2GaDlSJaOzjlX9/oEKWdKO863tbG5tb2zW9or7x8cHh3blZOOSjJJaJskPJG9ACvKmaBtzTSnvVRSHAecdoPx7dzvPlKpWCIe9DSlfoyHgkWMYG2kgV2pedykQ+xlKZYymdQGdtWpOwugdeIWpAoFWgP7ywsTksVUaMKxUn3XSbWfY6kZ4XRW9jJFU0zGeEj7hgocU+Xni9Nn6MIoIYoSaZ7QaKH+nshxrNQ0DkwyxnqkVr25+J/Xz3R07edMpJmmgiwXRRlHOkHzHlDIJCWaTw3BRDJzKyIjLDHRpq2yKcFd/fI66TTqrlN37xvV5k1RRwnO4BwuwYUraMIdtKANBCbwDK/wZj1ZL9a79bGMbljFzCn8gfX5A+z7k8Q=</latexit><latexit sha1_base64="4l8dDA/8IBQDBJ28jj2Y6zjQwsw=">AAAB+nicbVC7TsMwFL3hWcorhZHFokViqpIuMFawMBaJPqQmqhzHaa06TmQ7VFXop7AwgBArX8LG3+C2GaDlSJaOzjlX9/oEKWdKO863tbG5tb2zW9or7x8cHh3blZOOSjJJaJskPJG9ACvKmaBtzTSnvVRSHAecdoPx7dzvPlKpWCIe9DSlfoyHgkWMYG2kgV2pedykQ+xlKZYymdQGdtWpOwugdeIWpAoFWgP7ywsTksVUaMKxUn3XSbWfY6kZ4XRW9jJFU0zGeEj7hgocU+Xni9Nn6MIoIYoSaZ7QaKH+nshxrNQ0DkwyxnqkVr25+J/Xz3R07edMpJmmgiwXRRlHOkHzHlDIJCWaTw3BRDJzKyIjLDHRpq2yKcFd/fI66TTqrlN37xvV5k1RRwnO4BwuwYUraMIdtKANBCbwDK/wZj1ZL9a79bGMbljFzCn8gfX5A+z7k8Q=</latexit>

Theorem: transition phenomena
(Ding & W. 2020, submitted)

With probability � 1�O(n�1/2), when 0 < �  p
cn,

|�i+3(W)� �⌫0(i)| 
(
Cn

�1/9+2#
, 1  i  C1n

5/6+3#/2;

Cn
1/12+✓

i
�1/3

, C1n
5/6+3#/2  i  n/2.

.

Similar results hold for i � n/2.
<latexit sha1_base64="d5EiStwqiYFaugMyFL2hxmyfByI="></latexit><latexit sha1_base64="d5EiStwqiYFaugMyFL2hxmyfByI="></latexit><latexit sha1_base64="d5EiStwqiYFaugMyFL2hxmyfByI="></latexit><latexit sha1_base64="d5EiStwqiYFaugMyFL2hxmyfByI="></latexit>

With probability � 1�O(n�1/2), when ↵ = 0 and � >
p
cn,

|�i+4(W)� �⌫0(i)| 
(
Cn

�1/9+2#
, 1  i  C1n

5/6+3#/2;

Cn
1/12+✓

i
�1/3

, C1n
5/6+3#/2  i  n/2.

.

Similar results hold for i � n/2.
<latexit sha1_base64="TTK1Mqc4jQAKa2bBSQdaZ3OwWak="></latexit><latexit sha1_base64="TTK1Mqc4jQAKa2bBSQdaZ3OwWak="></latexit><latexit sha1_base64="TTK1Mqc4jQAKa2bBSQdaZ3OwWak="></latexit><latexit sha1_base64="TTK1Mqc4jQAKa2bBSQdaZ3OwWak="></latexit>
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� "
<latexit sha1_base64="4l8dDA/8IBQDBJ28jj2Y6zjQwsw=">AAAB+nicbVC7TsMwFL3hWcorhZHFokViqpIuMFawMBaJPqQmqhzHaa06TmQ7VFXop7AwgBArX8LG3+C2GaDlSJaOzjlX9/oEKWdKO863tbG5tb2zW9or7x8cHh3blZOOSjJJaJskPJG9ACvKmaBtzTSnvVRSHAecdoPx7dzvPlKpWCIe9DSlfoyHgkWMYG2kgV2pedykQ+xlKZYymdQGdtWpOwugdeIWpAoFWgP7ywsTksVUaMKxUn3XSbWfY6kZ4XRW9jJFU0zGeEj7hgocU+Xni9Nn6MIoIYoSaZ7QaKH+nshxrNQ0DkwyxnqkVr25+J/Xz3R07edMpJmmgiwXRRlHOkHzHlDIJCWaTw3BRDJzKyIjLDHRpq2yKcFd/fI66TTqrlN37xvV5k1RRwnO4BwuwYUraMIdtKANBCbwDK/wZj1ZL9a79bGMbljFzCn8gfX5A+z7k8Q=</latexit><latexit sha1_base64="4l8dDA/8IBQDBJ28jj2Y6zjQwsw=">AAAB+nicbVC7TsMwFL3hWcorhZHFokViqpIuMFawMBaJPqQmqhzHaa06TmQ7VFXop7AwgBArX8LG3+C2GaDlSJaOzjlX9/oEKWdKO863tbG5tb2zW9or7x8cHh3blZOOSjJJaJskPJG9ACvKmaBtzTSnvVRSHAecdoPx7dzvPlKpWCIe9DSlfoyHgkWMYG2kgV2pedykQ+xlKZYymdQGdtWpOwugdeIWpAoFWgP7ywsTksVUaMKxUn3XSbWfY6kZ4XRW9jJFU0zGeEj7hgocU+Xni9Nn6MIoIYoSaZ7QaKH+nshxrNQ0DkwyxnqkVr25+J/Xz3R07edMpJmmgiwXRRlHOkHzHlDIJCWaTw3BRDJzKyIjLDHRpq2yKcFd/fI66TTqrlN37xvV5k1RRwnO4BwuwYUraMIdtKANBCbwDK/wZj1ZL9a79bGMbljFzCn8gfX5A+z7k8Q=</latexit><latexit sha1_base64="4l8dDA/8IBQDBJ28jj2Y6zjQwsw=">AAAB+nicbVC7TsMwFL3hWcorhZHFokViqpIuMFawMBaJPqQmqhzHaa06TmQ7VFXop7AwgBArX8LG3+C2GaDlSJaOzjlX9/oEKWdKO863tbG5tb2zW9or7x8cHh3blZOOSjJJaJskPJG9ACvKmaBtzTSnvVRSHAecdoPx7dzvPlKpWCIe9DSlfoyHgkWMYG2kgV2pedykQ+xlKZYymdQGdtWpOwugdeIWpAoFWgP7ywsTksVUaMKxUn3XSbWfY6kZ4XRW9jJFU0zGeEj7hgocU+Xni9Nn6MIoIYoSaZ7QaKH+nshxrNQ0DkwyxnqkVr25+J/Xz3R07edMpJmmgiwXRRlHOkHzHlDIJCWaTw3BRDJzKyIjLDHRpq2yKcFd/fI66TTqrlN37xvV5k1RRwnO4BwuwYUraMIdtKANBCbwDK/wZj1ZL9a79bGMbljFzCn8gfX5A+z7k8Q=</latexit><latexit sha1_base64="4l8dDA/8IBQDBJ28jj2Y6zjQwsw=">AAAB+nicbVC7TsMwFL3hWcorhZHFokViqpIuMFawMBaJPqQmqhzHaa06TmQ7VFXop7AwgBArX8LG3+C2GaDlSJaOzjlX9/oEKWdKO863tbG5tb2zW9or7x8cHh3blZOOSjJJaJskPJG9ACvKmaBtzTSnvVRSHAecdoPx7dzvPlKpWCIe9DSlfoyHgkWMYG2kgV2pedykQ+xlKZYymdQGdtWpOwugdeIWpAoFWgP7ywsTksVUaMKxUn3XSbWfY6kZ4XRW9jJFU0zGeEj7hgocU+Xni9Nn6MIoIYoSaZ7QaKH+nshxrNQ0DkwyxnqkVr25+J/Xz3R07edMpJmmgiwXRRlHOkHzHlDIJCWaTw3BRDJzKyIjLDHRpq2yKcFd/fI66TTqrlN37xvV5k1RRwnO4BwuwYUraMIdtKANBCbwDK/wZj1ZL9a79bGMbljFzCn8gfX5A+z7k8Q=</latexit>

0 < ↵ < 0.5
<latexit sha1_base64="tonauuWxszemsCQ729bAmhEdOBQ=">AAAB9XicdVBNSwMxEM3Wr1q/qh69BFvB05LdUrXQQ9GLxwq2Fdq1ZNNsG5rNLklWKUv/hxcPinj1v3jz35h2K6jog4HHezPMzPNjzpRG6MPKLS2vrK7l1wsbm1vbO8XdvbaKEkloi0Q8kjc+VpQzQVuaaU5vYklx6HPa8ccXM79zR6VikbjWk5h6IR4KFjCCtZFuy6jewzwe4Tqyq+V+sYRst3biOhWYkSrKiFOrQMdGc5TAAs1+8b03iEgSUqEJx0p1HRRrL8VSM8LptNBLFI0xGeMh7RoqcEiVl86vnsIjowxgEElTQsO5+n0ixaFSk9A3nSHWI/Xbm4l/ed1EB2deykScaCpItihIONQRnEUAB0xSovnEEEwkM7dCMsISE22CKpgQvj6F/5O2azvIdq7cUuN8EUceHIBDcAwccAoa4BI0QQsQIMEDeALP1r31aL1Yr1lrzlrM7IMfsN4+AYE+kTY=</latexit><latexit sha1_base64="tonauuWxszemsCQ729bAmhEdOBQ=">AAAB9XicdVBNSwMxEM3Wr1q/qh69BFvB05LdUrXQQ9GLxwq2Fdq1ZNNsG5rNLklWKUv/hxcPinj1v3jz35h2K6jog4HHezPMzPNjzpRG6MPKLS2vrK7l1wsbm1vbO8XdvbaKEkloi0Q8kjc+VpQzQVuaaU5vYklx6HPa8ccXM79zR6VikbjWk5h6IR4KFjCCtZFuy6jewzwe4Tqyq+V+sYRst3biOhWYkSrKiFOrQMdGc5TAAs1+8b03iEgSUqEJx0p1HRRrL8VSM8LptNBLFI0xGeMh7RoqcEiVl86vnsIjowxgEElTQsO5+n0ixaFSk9A3nSHWI/Xbm4l/ed1EB2deykScaCpItihIONQRnEUAB0xSovnEEEwkM7dCMsISE22CKpgQvj6F/5O2azvIdq7cUuN8EUceHIBDcAwccAoa4BI0QQsQIMEDeALP1r31aL1Yr1lrzlrM7IMfsN4+AYE+kTY=</latexit><latexit sha1_base64="tonauuWxszemsCQ729bAmhEdOBQ=">AAAB9XicdVBNSwMxEM3Wr1q/qh69BFvB05LdUrXQQ9GLxwq2Fdq1ZNNsG5rNLklWKUv/hxcPinj1v3jz35h2K6jog4HHezPMzPNjzpRG6MPKLS2vrK7l1wsbm1vbO8XdvbaKEkloi0Q8kjc+VpQzQVuaaU5vYklx6HPa8ccXM79zR6VikbjWk5h6IR4KFjCCtZFuy6jewzwe4Tqyq+V+sYRst3biOhWYkSrKiFOrQMdGc5TAAs1+8b03iEgSUqEJx0p1HRRrL8VSM8LptNBLFI0xGeMh7RoqcEiVl86vnsIjowxgEElTQsO5+n0ixaFSk9A3nSHWI/Xbm4l/ed1EB2deykScaCpItihIONQRnEUAB0xSovnEEEwkM7dCMsISE22CKpgQvj6F/5O2azvIdq7cUuN8EUceHIBDcAwccAoa4BI0QQsQIMEDeALP1r31aL1Yr1lrzlrM7IMfsN4+AYE+kTY=</latexit><latexit sha1_base64="tonauuWxszemsCQ729bAmhEdOBQ=">AAAB9XicdVBNSwMxEM3Wr1q/qh69BFvB05LdUrXQQ9GLxwq2Fdq1ZNNsG5rNLklWKUv/hxcPinj1v3jz35h2K6jog4HHezPMzPNjzpRG6MPKLS2vrK7l1wsbm1vbO8XdvbaKEkloi0Q8kjc+VpQzQVuaaU5vYklx6HPa8ccXM79zR6VikbjWk5h6IR4KFjCCtZFuy6jewzwe4Tqyq+V+sYRst3biOhWYkSrKiFOrQMdGc5TAAs1+8b03iEgSUqEJx0p1HRRrL8VSM8LptNBLFI0xGeMh7RoqcEiVl86vnsIjowxgEElTQsO5+n0ixaFSk9A3nSHWI/Xbm4l/ed1EB2deykScaCpItihIONQRnEUAB0xSovnEEEwkM7dCMsISE22CKpgQvj6F/5O2azvIdq7cUuN8EUceHIBDcAwccAoa4BI0QQsQIMEDeALP1r31aL1Yr1lrzlrM7IMfsN4+AYE+kTY=</latexit>

Theorem: transition phenomena
(Ding & W. 2020, submitted)

With probability � 1�O(n�1/2), when 0 < ↵ < 0.5,

|�i+4(W)��⌫0(i)| 
(
Cmax{n�1/9+2#

, n
✓ �p

n
}, 1  i  C1n

5/6+3#/2;

Cmax{n1/12+✓
i
�1/3

, n
✓ �p

n
}, C1n

5/6+3#/2  i  n/2.

Similar results hold for i � n/2.
<latexit sha1_base64="LzqCLzEc14tdRpPV5DXdxh3RXVM="></latexit><latexit sha1_base64="LzqCLzEc14tdRpPV5DXdxh3RXVM="></latexit><latexit sha1_base64="LzqCLzEc14tdRpPV5DXdxh3RXVM="></latexit><latexit sha1_base64="LzqCLzEc14tdRpPV5DXdxh3RXVM="></latexit>
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<latexit sha1_base64="4l8dDA/8IBQDBJ28jj2Y6zjQwsw=">AAAB+nicbVC7TsMwFL3hWcorhZHFokViqpIuMFawMBaJPqQmqhzHaa06TmQ7VFXop7AwgBArX8LG3+C2GaDlSJaOzjlX9/oEKWdKO863tbG5tb2zW9or7x8cHh3blZOOSjJJaJskPJG9ACvKmaBtzTSnvVRSHAecdoPx7dzvPlKpWCIe9DSlfoyHgkWMYG2kgV2pedykQ+xlKZYymdQGdtWpOwugdeIWpAoFWgP7ywsTksVUaMKxUn3XSbWfY6kZ4XRW9jJFU0zGeEj7hgocU+Xni9Nn6MIoIYoSaZ7QaKH+nshxrNQ0DkwyxnqkVr25+J/Xz3R07edMpJmmgiwXRRlHOkHzHlDIJCWaTw3BRDJzKyIjLDHRpq2yKcFd/fI66TTqrlN37xvV5k1RRwnO4BwuwYUraMIdtKANBCbwDK/wZj1ZL9a79bGMbljFzCn8gfX5A+z7k8Q=</latexit><latexit sha1_base64="4l8dDA/8IBQDBJ28jj2Y6zjQwsw=">AAAB+nicbVC7TsMwFL3hWcorhZHFokViqpIuMFawMBaJPqQmqhzHaa06TmQ7VFXop7AwgBArX8LG3+C2GaDlSJaOzjlX9/oEKWdKO863tbG5tb2zW9or7x8cHh3blZOOSjJJaJskPJG9ACvKmaBtzTSnvVRSHAecdoPx7dzvPlKpWCIe9DSlfoyHgkWMYG2kgV2pedykQ+xlKZYymdQGdtWpOwugdeIWpAoFWgP7ywsTksVUaMKxUn3XSbWfY6kZ4XRW9jJFU0zGeEj7hgocU+Xni9Nn6MIoIYoSaZ7QaKH+nshxrNQ0DkwyxnqkVr25+J/Xz3R07edMpJmmgiwXRRlHOkHzHlDIJCWaTw3BRDJzKyIjLDHRpq2yKcFd/fI66TTqrlN37xvV5k1RRwnO4BwuwYUraMIdtKANBCbwDK/wZj1ZL9a79bGMbljFzCn8gfX5A+z7k8Q=</latexit><latexit sha1_base64="4l8dDA/8IBQDBJ28jj2Y6zjQwsw=">AAAB+nicbVC7TsMwFL3hWcorhZHFokViqpIuMFawMBaJPqQmqhzHaa06TmQ7VFXop7AwgBArX8LG3+C2GaDlSJaOzjlX9/oEKWdKO863tbG5tb2zW9or7x8cHh3blZOOSjJJaJskPJG9ACvKmaBtzTSnvVRSHAecdoPx7dzvPlKpWCIe9DSlfoyHgkWMYG2kgV2pedykQ+xlKZYymdQGdtWpOwugdeIWpAoFWgP7ywsTksVUaMKxUn3XSbWfY6kZ4XRW9jJFU0zGeEj7hgocU+Xni9Nn6MIoIYoSaZ7QaKH+nshxrNQ0DkwyxnqkVr25+J/Xz3R07edMpJmmgiwXRRlHOkHzHlDIJCWaTw3BRDJzKyIjLDHRpq2yKcFd/fI66TTqrlN37xvV5k1RRwnO4BwuwYUraMIdtKANBCbwDK/wZj1ZL9a79bGMbljFzCn8gfX5A+z7k8Q=</latexit><latexit sha1_base64="4l8dDA/8IBQDBJ28jj2Y6zjQwsw=">AAAB+nicbVC7TsMwFL3hWcorhZHFokViqpIuMFawMBaJPqQmqhzHaa06TmQ7VFXop7AwgBArX8LG3+C2GaDlSJaOzjlX9/oEKWdKO863tbG5tb2zW9or7x8cHh3blZOOSjJJaJskPJG9ACvKmaBtzTSnvVRSHAecdoPx7dzvPlKpWCIe9DSlfoyHgkWMYG2kgV2pedykQ+xlKZYymdQGdtWpOwugdeIWpAoFWgP7ywsTksVUaMKxUn3XSbWfY6kZ4XRW9jJFU0zGeEj7hgocU+Xni9Nn6MIoIYoSaZ7QaKH+nshxrNQ0DkwyxnqkVr25+J/Xz3R07edMpJmmgiwXRRlHOkHzHlDIJCWaTw3BRDJzKyIjLDHRpq2yKcFd/fI66TTqrlN37xvV5k1RRwnO4BwuwYUraMIdtKANBCbwDK/wZj1ZL9a79bGMbljFzCn8gfX5A+z7k8Q=</latexit>

0.5  ↵ < 1
<latexit sha1_base64="7OKF9VVq/zZ2QnQ/JHSLGcyT0K8=">AAAB+nicdVDLSgMxFM3UV62vqS7dBFvB1TBpqVpwUXTjsoJ9QGcomTTThmYeJhmljP0UNy4UceuXuPNvTDsVVPTAhcM593LvPV7MmVS2/WHklpZXVtfy64WNza3tHbO425ZRIghtkYhHouthSTkLaUsxxWk3FhQHHqcdb3wx8zu3VEgWhddqElM3wMOQ+YxgpaW+WSzbVs3h9MbBPB7hM1TumyXbqtSPK6gKM1KzM4LqVYgse44SWKDZN9+dQUSSgIaKcCxlD9mxclMsFCOcTgtOImmMyRgPaU/TEAdUuun89Ck81MoA+pHQFSo4V79PpDiQchJ4ujPAaiR/ezPxL6+XKP/UTVkYJ4qGJFvkJxyqCM5ygAMmKFF8ogkmgulbIRlhgYnSaRV0CF+fwv9Ju2Ih20JXlVLjfBFHHuyDA3AEEDgBDXAJmqAFCLgDD+AJPBv3xqPxYrxmrTljMbMHfsB4+wSQupLo</latexit><latexit sha1_base64="7OKF9VVq/zZ2QnQ/JHSLGcyT0K8=">AAAB+nicdVDLSgMxFM3UV62vqS7dBFvB1TBpqVpwUXTjsoJ9QGcomTTThmYeJhmljP0UNy4UceuXuPNvTDsVVPTAhcM593LvPV7MmVS2/WHklpZXVtfy64WNza3tHbO425ZRIghtkYhHouthSTkLaUsxxWk3FhQHHqcdb3wx8zu3VEgWhddqElM3wMOQ+YxgpaW+WSzbVs3h9MbBPB7hM1TumyXbqtSPK6gKM1KzM4LqVYgse44SWKDZN9+dQUSSgIaKcCxlD9mxclMsFCOcTgtOImmMyRgPaU/TEAdUuun89Ck81MoA+pHQFSo4V79PpDiQchJ4ujPAaiR/ezPxL6+XKP/UTVkYJ4qGJFvkJxyqCM5ygAMmKFF8ogkmgulbIRlhgYnSaRV0CF+fwv9Ju2Ih20JXlVLjfBFHHuyDA3AEEDgBDXAJmqAFCLgDD+AJPBv3xqPxYrxmrTljMbMHfsB4+wSQupLo</latexit><latexit sha1_base64="7OKF9VVq/zZ2QnQ/JHSLGcyT0K8=">AAAB+nicdVDLSgMxFM3UV62vqS7dBFvB1TBpqVpwUXTjsoJ9QGcomTTThmYeJhmljP0UNy4UceuXuPNvTDsVVPTAhcM593LvPV7MmVS2/WHklpZXVtfy64WNza3tHbO425ZRIghtkYhHouthSTkLaUsxxWk3FhQHHqcdb3wx8zu3VEgWhddqElM3wMOQ+YxgpaW+WSzbVs3h9MbBPB7hM1TumyXbqtSPK6gKM1KzM4LqVYgse44SWKDZN9+dQUSSgIaKcCxlD9mxclMsFCOcTgtOImmMyRgPaU/TEAdUuun89Ck81MoA+pHQFSo4V79PpDiQchJ4ujPAaiR/ezPxL6+XKP/UTVkYJ4qGJFvkJxyqCM5ygAMmKFF8ogkmgulbIRlhgYnSaRV0CF+fwv9Ju2Ih20JXlVLjfBFHHuyDA3AEEDgBDXAJmqAFCLgDD+AJPBv3xqPxYrxmrTljMbMHfsB4+wSQupLo</latexit><latexit sha1_base64="7OKF9VVq/zZ2QnQ/JHSLGcyT0K8=">AAAB+nicdVDLSgMxFM3UV62vqS7dBFvB1TBpqVpwUXTjsoJ9QGcomTTThmYeJhmljP0UNy4UceuXuPNvTDsVVPTAhcM593LvPV7MmVS2/WHklpZXVtfy64WNza3tHbO425ZRIghtkYhHouthSTkLaUsxxWk3FhQHHqcdb3wx8zu3VEgWhddqElM3wMOQ+YxgpaW+WSzbVs3h9MbBPB7hM1TumyXbqtSPK6gKM1KzM4LqVYgse44SWKDZN9+dQUSSgIaKcCxlD9mxclMsFCOcTgtOImmMyRgPaU/TEAdUuun89Ck81MoA+pHQFSo4V79PpDiQchJ4ujPAaiR/ezPxL6+XKP/UTVkYJ4qGJFvkJxyqCM5ygAMmKFF8ogkmgulbIRlhgYnSaRV0CF+fwv9Ju2Ih20JXlVLjfBFHHuyDA3AEEDgBDXAJmqAFCLgDD+AJPBv3xqPxYrxmrTljMbMHfsB4+wSQupLo</latexit>

Theorem: transition phenomena
(Ding & W. 2020, submitted)

When 0.5  ↵ < 1, denote d ⌘ d(↵) :=
l

1
1�↵

m
+ 1. 9K s.t. 5  K  C2d so

that with high probability, for all 1  i  n� K, we have that

|�i+K(W)��⌫0(i)|  Cmax

⇢
i�1/3n�2/3, pB(↵),

�

p

�
,

where B(↵) := (↵� 1)
⇣l

1
1�↵

m
+ 1

⌘
+ 1 < 0.

<latexit sha1_base64="jGCgEn1BGGFzLgcOFcJvkumjs6A="></latexit><latexit sha1_base64="jGCgEn1BGGFzLgcOFcJvkumjs6A="></latexit><latexit sha1_base64="jGCgEn1BGGFzLgcOFcJvkumjs6A="></latexit><latexit sha1_base64="jGCgEn1BGGFzLgcOFcJvkumjs6A="></latexit>
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� "
<latexit sha1_base64="4l8dDA/8IBQDBJ28jj2Y6zjQwsw=">AAAB+nicbVC7TsMwFL3hWcorhZHFokViqpIuMFawMBaJPqQmqhzHaa06TmQ7VFXop7AwgBArX8LG3+C2GaDlSJaOzjlX9/oEKWdKO863tbG5tb2zW9or7x8cHh3blZOOSjJJaJskPJG9ACvKmaBtzTSnvVRSHAecdoPx7dzvPlKpWCIe9DSlfoyHgkWMYG2kgV2pedykQ+xlKZYymdQGdtWpOwugdeIWpAoFWgP7ywsTksVUaMKxUn3XSbWfY6kZ4XRW9jJFU0zGeEj7hgocU+Xni9Nn6MIoIYoSaZ7QaKH+nshxrNQ0DkwyxnqkVr25+J/Xz3R07edMpJmmgiwXRRlHOkHzHlDIJCWaTw3BRDJzKyIjLDHRpq2yKcFd/fI66TTqrlN37xvV5k1RRwnO4BwuwYUraMIdtKANBCbwDK/wZj1ZL9a79bGMbljFzCn8gfX5A+z7k8Q=</latexit><latexit sha1_base64="4l8dDA/8IBQDBJ28jj2Y6zjQwsw=">AAAB+nicbVC7TsMwFL3hWcorhZHFokViqpIuMFawMBaJPqQmqhzHaa06TmQ7VFXop7AwgBArX8LG3+C2GaDlSJaOzjlX9/oEKWdKO863tbG5tb2zW9or7x8cHh3blZOOSjJJaJskPJG9ACvKmaBtzTSnvVRSHAecdoPx7dzvPlKpWCIe9DSlfoyHgkWMYG2kgV2pedykQ+xlKZYymdQGdtWpOwugdeIWpAoFWgP7ywsTksVUaMKxUn3XSbWfY6kZ4XRW9jJFU0zGeEj7hgocU+Xni9Nn6MIoIYoSaZ7QaKH+nshxrNQ0DkwyxnqkVr25+J/Xz3R07edMpJmmgiwXRRlHOkHzHlDIJCWaTw3BRDJzKyIjLDHRpq2yKcFd/fI66TTqrlN37xvV5k1RRwnO4BwuwYUraMIdtKANBCbwDK/wZj1ZL9a79bGMbljFzCn8gfX5A+z7k8Q=</latexit><latexit sha1_base64="4l8dDA/8IBQDBJ28jj2Y6zjQwsw=">AAAB+nicbVC7TsMwFL3hWcorhZHFokViqpIuMFawMBaJPqQmqhzHaa06TmQ7VFXop7AwgBArX8LG3+C2GaDlSJaOzjlX9/oEKWdKO863tbG5tb2zW9or7x8cHh3blZOOSjJJaJskPJG9ACvKmaBtzTSnvVRSHAecdoPx7dzvPlKpWCIe9DSlfoyHgkWMYG2kgV2pedykQ+xlKZYymdQGdtWpOwugdeIWpAoFWgP7ywsTksVUaMKxUn3XSbWfY6kZ4XRW9jJFU0zGeEj7hgocU+Xni9Nn6MIoIYoSaZ7QaKH+nshxrNQ0DkwyxnqkVr25+J/Xz3R07edMpJmmgiwXRRlHOkHzHlDIJCWaTw3BRDJzKyIjLDHRpq2yKcFd/fI66TTqrlN37xvV5k1RRwnO4BwuwYUraMIdtKANBCbwDK/wZj1ZL9a79bGMbljFzCn8gfX5A+z7k8Q=</latexit><latexit sha1_base64="4l8dDA/8IBQDBJ28jj2Y6zjQwsw=">AAAB+nicbVC7TsMwFL3hWcorhZHFokViqpIuMFawMBaJPqQmqhzHaa06TmQ7VFXop7AwgBArX8LG3+C2GaDlSJaOzjlX9/oEKWdKO863tbG5tb2zW9or7x8cHh3blZOOSjJJaJskPJG9ACvKmaBtzTSnvVRSHAecdoPx7dzvPlKpWCIe9DSlfoyHgkWMYG2kgV2pedykQ+xlKZYymdQGdtWpOwugdeIWpAoFWgP7ywsTksVUaMKxUn3XSbWfY6kZ4XRW9jJFU0zGeEj7hgocU+Xni9Nn6MIoIYoSaZ7QaKH+nshxrNQ0DkwyxnqkVr25+J/Xz3R07edMpJmmgiwXRRlHOkHzHlDIJCWaTw3BRDJzKyIjLDHRpq2yKcFd/fI66TTqrlN37xvV5k1RRwnO4BwuwYUraMIdtKANBCbwDK/wZj1ZL9a79bGMbljFzCn8gfX5A+z7k8Q=</latexit>
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Theorem: transition phenomena
(Ding & W. 2020, submitted)

For some constant T  C↵ =

(
C log n, ↵ = 1;

min{Cn↵�1, n}, 1 < ↵  2
, with high proba-

bility,
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where Wa1 := exp(�2�)W1 + (1� exp(�2�))In Moreover,

sup
z2D
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,
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p Y>Y + 2� exp(�4�)In

⌘
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a , n�1/4+a  ⌘  1
a

 
and 0 < a < 1 is a small constant.
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Theorem: transition phenomena
(Ding & W. 2020, submitted)

When ↵ > 2,

sup
1in

|�i(W)� �i(Wa1)| � n
2�↵
2 .

Moreover, for any given constant t 2 (0, 1), if ↵ > 2
t+1, we have with probability

� 1� n1�t(↵�1)/2,

sup
1in

|�i(W)� 1|  n exp(��(�/p)1�t).
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• One motivative problem 
• Manifold learning — algorithm 
• Manifold learning — theory 
• Random matrix theory 
• Toward manifold + RMT 
• Some more…



High dimensional noise model

Clean manifold data

iii:
. .

clean p

M C IR
-

x̃i = xi + ⇠i
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Technical condition for non-Gaussian noise 
Needed for Gaussian approximation 

Chernozhukov & Chetverikov & Kato, AoS 2013

(Chao & W. 2019, arXiv)

1. Fix a compact smooth d-dim Riemannian manifold M , and assume D is
the smallest dimension of the Euclidean space that M can be isometrically
embedded into via ◆.

2. Assume K = maxx,y k◆(x) � ◆(y)kRD > 0. Assume q = q(n) ⇣ n when
n ! 1.

3. When q is su�ciently large, fix an isometrical embedding ◆̄q : RD ! Rq so
that ui := ◆q(ei) 2 Rq satisfies |ui(k)| = 1/

p
q + O(1/q) for I = 1, . . . , D

and k = 1, . . . , q, where ei is a D-dim unit vector with the I-th entry 1.

4. Further, assume that xi and yj are i.i.d. sampled from ◆q(M), where
◆q := ◆̄q � ◆.
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Assume q = q(n) ⇣ n when n ! 1
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When q is su�ciently large, fix an isometric embedding ◆̄q : RD ! Rq so that
◆̄q(ei) 2 Rq satisfies |ui(k)| = 1/

p
q +O(1/q) for i = 1, . . . , D and k = 1, . . . , q.
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Assume xi is i.i.d. sampled from ◆̄q � ◆(M).
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High dimensional noise model

iii:
. .

clean p

M C IR
-

x̃i = xi + ⇠i
<latexit sha1_base64="33sn8HAiYmnBSJoxi22OWBBZ/HE=">AAACDHicbVBPS8MwHE39O+e/qUcvwVUQhNHuohdh6MXjBPcH1jLSNN3C0rQkqWyUfgAvfhUvHhTx6gfw5rcx7XrQzQchj/fej+T3vJhRqSzr21hZXVvf2KxsVbd3dvf2aweHXRklApMOjlgk+h6ShFFOOooqRvqxICj0GOl5k5vc7z0QIWnE79UsJm6IRpwGFCOlpWGtbpqOoswn6TQbpjSDV3Ba3OfQmdKcmaZOWQ2rAFwmdknqoER7WPty/AgnIeEKMyTlwLZi5aZIKIoZyapOIkmM8ASNyEBTjkIi3bRYJoOnWvFhEAl9uIKF+nsiRaGUs9DTyRCpsVz0cvE/b5Co4NJNKY8TRTiePxQkDKoI5s1AnwqCFZtpgrCg+q8Qj5FAWOn+qroEe3HlZdJtNmyrYd81663rso4KOAYn4AzY4AK0wC1ogw7A4BE8g1fwZjwZL8a78TGPrhjlzBH4A+PzBwzcmlI=</latexit><latexit sha1_base64="33sn8HAiYmnBSJoxi22OWBBZ/HE=">AAACDHicbVBPS8MwHE39O+e/qUcvwVUQhNHuohdh6MXjBPcH1jLSNN3C0rQkqWyUfgAvfhUvHhTx6gfw5rcx7XrQzQchj/fej+T3vJhRqSzr21hZXVvf2KxsVbd3dvf2aweHXRklApMOjlgk+h6ShFFOOooqRvqxICj0GOl5k5vc7z0QIWnE79UsJm6IRpwGFCOlpWGtbpqOoswn6TQbpjSDV3Ba3OfQmdKcmaZOWQ2rAFwmdknqoER7WPty/AgnIeEKMyTlwLZi5aZIKIoZyapOIkmM8ASNyEBTjkIi3bRYJoOnWvFhEAl9uIKF+nsiRaGUs9DTyRCpsVz0cvE/b5Co4NJNKY8TRTiePxQkDKoI5s1AnwqCFZtpgrCg+q8Qj5FAWOn+qroEe3HlZdJtNmyrYd81663rso4KOAYn4AzY4AK0wC1ogw7A4BE8g1fwZjwZL8a78TGPrhjlzBH4A+PzBwzcmlI=</latexit><latexit sha1_base64="33sn8HAiYmnBSJoxi22OWBBZ/HE=">AAACDHicbVBPS8MwHE39O+e/qUcvwVUQhNHuohdh6MXjBPcH1jLSNN3C0rQkqWyUfgAvfhUvHhTx6gfw5rcx7XrQzQchj/fej+T3vJhRqSzr21hZXVvf2KxsVbd3dvf2aweHXRklApMOjlgk+h6ShFFOOooqRvqxICj0GOl5k5vc7z0QIWnE79UsJm6IRpwGFCOlpWGtbpqOoswn6TQbpjSDV3Ba3OfQmdKcmaZOWQ2rAFwmdknqoER7WPty/AgnIeEKMyTlwLZi5aZIKIoZyapOIkmM8ASNyEBTjkIi3bRYJoOnWvFhEAl9uIKF+nsiRaGUs9DTyRCpsVz0cvE/b5Co4NJNKY8TRTiePxQkDKoI5s1AnwqCFZtpgrCg+q8Qj5FAWOn+qroEe3HlZdJtNmyrYd81663rso4KOAYn4AzY4AK0wC1ogw7A4BE8g1fwZjwZL8a78TGPrhjlzBH4A+PzBwzcmlI=</latexit><latexit sha1_base64="33sn8HAiYmnBSJoxi22OWBBZ/HE=">AAACDHicbVBPS8MwHE39O+e/qUcvwVUQhNHuohdh6MXjBPcH1jLSNN3C0rQkqWyUfgAvfhUvHhTx6gfw5rcx7XrQzQchj/fej+T3vJhRqSzr21hZXVvf2KxsVbd3dvf2aweHXRklApMOjlgk+h6ShFFOOooqRvqxICj0GOl5k5vc7z0QIWnE79UsJm6IRpwGFCOlpWGtbpqOoswn6TQbpjSDV3Ba3OfQmdKcmaZOWQ2rAFwmdknqoER7WPty/AgnIeEKMyTlwLZi5aZIKIoZyapOIkmM8ASNyEBTjkIi3bRYJoOnWvFhEAl9uIKF+nsiRaGUs9DTyRCpsVz0cvE/b5Co4NJNKY8TRTiePxQkDKoI5s1AnwqCFZtpgrCg+q8Qj5FAWOn+qroEe3HlZdJtNmyrYd81663rso4KOAYn4AzY4AK0wC1ogw7A4BE8g1fwZjwZL8a78TGPrhjlzBH4A+PzBwzcmlI=</latexit>

1. E⇠i = 0, E⇠i⇠>i = ⌃ 2 Rq⇥q

2. E⌘i = 0, E⌘i⌘>i = ⌃ 2 Rq⇥q

3. ⌘i is independent of ⇠i

4. k⌃k2  �2
q and k⌃k2  �2

q

5. If non-Gaussian, assume that entries of ⇠i and ⌘j are all independent.

• Assume for all convex 1-Lipschitz function f , P(|f(⇠i�⌘j)�mf(⇠i�⌘j)| >
t)  2 exp(�cijt2), where mf(⇠i�⌘j) is the median of f(⇠i � ⌘j) and
cij > 0. Let c1, c2, C1, C2 > 0, and let Bq � 1 be a sequence of
constant.

• We further assume that one of the following conditions is satisfied.

(E.1) c1  1
nm

Pn,m
i=1,j=1 E(⇠i(l)�⌘j(l))2  C1 and maxk=1,2

1
q

Pq
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⇥
|⇠i(l)�

⌘j(l)|2+k/Bk
q

⇤
+E

⇥
exp(|⇠i(l)�⌘j(l)|/Bq)

⇤
 4. Moreover, B2

q (log(qnm))7/q 
C2q�c2 .
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(Chao & W. 2019, arXiv)
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3. ⌘i is independent of ⇠i
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5. If non-Gaussian, assume that entries of ⇠i and ⌘j are all independent.

• Assume for all convex 1-Lipschitz function f , P(|f(⇠i�⌘j)�mf(⇠i�⌘j)| >
t)  2 exp(�cijt2), where mf(⇠i�⌘j) is the median of f(⇠i � ⌘j) and
cij > 0. Let c1, c2, C1, C2 > 0, and let Bq � 1 be a sequence of
constant.

• We further assume that one of the following conditions is satisfied.
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⇥
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 4. Moreover, B2
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i=1,j=1 E(⇠i(l)�⌘j(l))2  C1 and maxk=1,2
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⇤
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Moreover, B4
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Assume for all convex 1-Lipschitz function f ,
P(|f(⇠i)�mf(⇠i)| > t)  2 exp(�cit2),

where mf(⇠i) is the median of f(⇠i) and ci > 0.
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4. Moreover, 1
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Robust to noise
Theorem (Chao & W. 2020)

1. For Gaussian noise, assume

�q := �q

p
log n2 [�q

p
q +K] ! 0

2. For non-Gaussian noise, assume supi,j

q
(�2

q )/cij
p
log n2 ! 0, and set

�q := �q

p
log n2


sup
i,j

q
c
�1
ij (�q

p
q _ 1) +

p

DK

�

3. Fix q
0
2 N and t > 0.

4. W and fW : a�nity matrices from clean and noisy datasets respectively.

5. �Lt
2 Rn⇥q0 and e�eLt

2 Rn⇥q0 : DM from clean and noisy datasets respec-
tively.

Then, when ✏ is su�ciently small,

k�OL
t
� e�eLt

kF = OP

 
�q

p
q0�2t

2

✏3d/4+1

!
.

where O 2 Rq0⇥q0 is an orthogonal matrix, and �2 are the largest non-trivial
eigenvalue from the clean.
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• One motivative problem 
• Manifold learning — algorithm 
• Manifold learning — theory 
• Random matrix theory 
• Toward manifold + RMT 
• Some more…



Original EEG signal

EEG signal after artifact removal
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One more application

Apply the automatic annotation
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