Differential Forms
The Algebra of Alternating Tensors

Definition. For any finite-dimensional real vector space V, let A¥(V') denote the
subspace of T*(V) consisting of alternating tensors (k-covectors).

e There are no nonzero alternating k-tensors on V if k >dim V.
e Every O-tensor (which is a real number) is alternating, because there is no argu-
ment to interchange.
e Similarly, every 1-tensor is alternating.
e An alternating 2-tensor is just a skew-symmetric bilinear form on V.
— Note that any 2-tensor 7" can be expressed as the sum of an alternating tensor
and a symmetric one, because

T(X,Y) :%(T(X, Y) — T(Y, X)) + %(T(X, Y) + T(Y, X))
=A(X,Y)+S5(X,Y),
where
AX,Y) = %(T(X, Y)-T(Y,X))
is alternating, and
S(X,Y) = %(T(X, )+ TV, X))
is symmetric.

e Let S =the group of permutations of the set {1,---, k}.
Given a k tensor T ans a permutation o € Sy, define a new tensor 7T by

T =T(Xoa1y, s Tooiy)-
e The tensor S defined above is SymT = % > ocsk 7 T, the symmetrization of T'.

Definition. Alt:T*(V) — A¥(V), called the alternating projection, is defined
as follows: 1
AT = > (sgno)(" T).
oESk
More explicitly, this means

1
AltT(le ! 7Xk) = E Z (SgHU)T(XU(l)v" ! 7Xa'(/€))

" o€Sy

Examples. If T is any 1-tsnsor, then Alt T = T.
— If T is a 2-tensor, then ALt T'(X,Y) = 3(T(X,Y) - T(Y, X)).
— For a 3-tensor T,

AGT(X,Y, Z) :%(T(X, Y. Z2)+ T(Y. 2, X) + T(Z,X,Y)
TV, X,7) - T(X,2,Y) — T(Z,Y, X)).

Lemma 3 (Properties of the Alternating Properties).
(a) For any tensor T, Alt T is alternating.
(b) T is alternating iff AWT =T.
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Elementary Alternating Tensors

Definition. Let k € N. An ordered k-tuple I = (i1,--- ,ij) of positive integers is

called a multi-index of length k.

e If I is such a multi-index and o € Sy is a permutation, we write I, for the
multi-index

Ia - (ig(l), e ,ig(k)).

e Note that I, = (Is),, for o, 7 € Sk.

e If I and J are multi-indices of length k, we define

sgno if neither I nor J has a repeated index
and J = I, for some o € Sk,
0 if I or J has a repeated index

or J is not a permutation of I.

e Let V be an n-dimensional vector space,
and suppose (¢!, ,&") is any basis for V*.
— We will define a collection of alternating tensors on V that generalize the
determinant function on R".
— For each multi-index I = (i1,--- ,i) of length k such that 1 < iy, -+ ,i < mn,

define a covariant k-tensor e’ by

en(Xy), oo, e(Xk)
(12.1) el(Xy,--+, Xp) =det : :
e (X), o, e (Xp)
X X;ik
=det : :
D LS X;ik

In other words, if X denotes the matrix whose columns are the components of
the vectors X7, -, Xj w.r.t. the basis (E;) dual to (&%), then el (X1, -+, X})
is the determinant of the k X k minor consisting of rows i1, --- ,i; of X.

e Because the determinant changes sign whenever two columes are interchanged,
it is clear that &’ is an alternating k-tensor.

Definition. &f

covector.

is called an elementary alternating tensor or elementary k-

Example. In terms of the standard dual basis (e!, e?.e3) for (R3)*, we have

B(X,Y) =x'V? - ylx?
eB(X,Y, Z) =det(X,Y, Z).
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Lemma 4. Let (E;) be a basis for V, let (%) be the dual basis for V*, and let €’
be as defined above.

(a) If I has a repeated index, then el = 0.

(b) If J = I, for some o € Sk, then el = (sgno)e”’.

(c) EI(Ejlv LBy ) = 51]

e The significance of the elementary k-covectors is that they provide a convenient
basis for AF(V).

Definition. A multi-inde I = (i1,--- ,ix) is said to be increasing ifi; < - -- < i.

e It will be useful to use a primed summation sign to denote a sum over only
increasing multi-indices, so that, for example,

!
E T[{:‘I = E T]EI.
I {I:1<i1<-<ip<n}

Proposition 5. Let V be an n-dimensional vector space. If (¢') is any basis for
V*, then for each positive integer k < n, the collection of k-covectors

£ ={e! : I is an increasing multi-index of length k}

is a basis for A¥(V'). Therefore

dim AF(V) = <Z> = k'(nLik)'

Proof. (I) If k > n, then AF(V) is the trivial vector space, since any k vectors are
linearly dependent.
(IT) If k < n, we need to show that £ spans A¥(V) and is independent.
— Let (E;) be the basis for V dual to (¢%).
(i) To show that & spans A*(V), let T € A¥(V) be arbitrary.
For each multi-index I = (i1, - ,4x), define a real number T by

TI = T(Eila e aEik)'
Since T is alternating
Tr =0, if I contains a repeated multi-index,

and
Ty = (sgno)Ty, if J=1, for o € S.

For any multi-index J, Lemma 4 thus gives

/ /
ZTIEI(EJ'N"'Ejk) = ZT15§ =T;= T(Ejl""Ejk)'
I I
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Therefore 37 Tre! = T. Hence € spans AF(V)).
(ii) To show that £ is an independent set, suppose

/
Z Trel = 0, for some coefficient 7.
T

Let J be any increasing multi-index. Applying both sides to (Ej,,--- E;,) and
using Lemma 4,

/
0= ZTIEI(EJ'N e 'Ejk) =Tj.
I
Thus each coefficient Ty = 0. O

e In particular, for an n-dimensional vector space V, this proposition implies that
A™(V) is 1-dimensional and is spanned by g!"".
— By definition, this elementary n-covector acts on vectors (X1, -, X,,) by taking
the determinant of their component matrix X = (X7).
— For example, on R" with the standard basis, ¢!
function.

is precisely the determinant

Lemma 6. Suppose V is an n-dimensional vector space and w € A™(V). If T :
V — V is any linear map and X1, --- ,X,, are arbitrary vectors in V', then

2) W(TX1, -, TXn) = (det T)w (X1, -, Xn).

Proof. Let (E;) be any basis for V, and let (%) be the dual basis.

Since both sides of (2) are multilinear functions of Xy, -+, X,,, it suffices to verify
it in the special case X; = F;, i =1,--- ,n.

— By Proposition 5, we can write

w=cel" ™, for some c € R.

Hence, we have
(det T)w(Ey,--- , E,) = (det T)ce™ "™(Ey,--- ,E,) = cdet T.

— On the other hand, letting (Tf) denote the matrix of 7" w.r.t. this basis, and

letting
T, =TE;

we have ‘ _
W(TEy, -, TE,) = ce"""™(Th,--- ,Tp,) = cdet(¢?(T;)) = cdet(T7). O



The Wedge Product

Definition. If w € A¥(V) and n € AY(V), we define the wedge product or
exterior product of w and 1 to be the alternating (k + {)-tensor

k+0)!
(12.3) wAn= ( k'ﬁ') Alt (w®n).
Lemma 7. Let (¢!,---  &") be a basis for V*. For any multi-indices
I'=(ix, -+ yig) and J = (j1,-+ , o),
4) el ned =€,
where IJ is the multi-index (i1, -+ , ik, j1, - ,je) obtained by contaternating I, J.
Proof. By multiplicity, it suffices to show that
(5) 51 A EJ(EPU T 7E;Dk+e) = EIJ(EZH? T 7Epk+e)
for any sequence (Ep, ,-- -, Ep, ) of basis vectors. We consider several cases:

Case I: P = (p1, - ,pr+¢) has a repeated index.
In this case, both sides of (5) are zero.

Case II: P contains an index that does not appear on either I or J.
In this case, both sides of (5) are zero by Lemma 4(c).

Case III: P =1J and P has no repeated indices.

We need to show that the left-hand side is also equal to 1. By definition,

EIAEJ(EPU L B )

) T Pk+e

(k+ 0)!
= L1 Alt(gI ® EJ)(EIH y T 7Epk+£)
1
:k'_é' Z (sgna)sl (Epa(l) y T 7Epg(k))5J(Epg(k+1)7 T 7Epa(k+£))'
e 065k+[

By Lemma 4 again, the only terms in the sum above that give nonzero values are

those in which o permutes the first k indices and the last ¢ indices of P seperately.

— In other words, ¢ must be of the form o = 71, where 7 € Sj acts by permutes
{1,---,k} and n € Sy acts by permuting {k+ 1,--- ,k + ¢}.

— Since sgn(mn) = (sgn7)(sgnn), we have

enel (B, Ep.))

)~ Pk+1
1
:W Z (SgnT)(Sgn n)EI(EPT(l) T 7Ep‘r(k))€J(Epn(k+l) T 7E:Dn(k+e))
o TESK,
neSe
1 1
= (E Z (Sgn T)EI(EPT(U P 7Ep1—(k))) (E Z (Sgnn)(AltsJ)(EpkH, AR 7Epk+£))
" reSy " neSs,
:(Alt 51)(E;D17 T 7Epk)(A1t EJ)(E;DM T 7Epk+£)
:EI(E;DU"' 7Epk)€J(E;D17"' 7Epk+z):1' I

Case IV: P is a permutation of /J and P has no repeated indices.

In this case, applying a permutation of P brings us back to Case III.

Since the effect of the permutation is to multiply both sides of (5) by the same sign,
the result holds in this case as well. [
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Proposition 8 (Properties of the Wedge Product).
(a) Bilinearity: (aw~+dW)An=alwAn)+a (W An),

NA (aw + d'w) =an Aw) +d (n Aw').

(b) Associativity: w A (n A&) = (wAn) AE.
(c) Anticommutativity: For w € AX(v) andn € AY(V), wAn=(—=1)*nAw.

(d) If (%, -+ ,e") is any basis for V* and I = (i1, ,i) is any multiindex, then
(7) el A At =gl

(e) For any covectors w',--- ,w" and vectors X1,--- , Xy,
() Wh A WR (X, X)) = det (W (X)),

Proof. (a) immediately follows from the definition, because the tensor product is
bilinear and Alt is linear.
(b) To prove associativity, note that Lemma 7 gives
(" ANeNNNeK =T Nl =TB =l NeTE =T A (g7 N ET).
The general case follows from bilinearity.
(¢) Using Lemma 7 again, we obtain
el ne? =&l = (sgnr)e’! = (sgnT)e’e!,
where 7 is the permutation that sends IJ to JI. We have
sgnt = (—1)",

since 7 can be decomposed as a composition of k¢ transpositions (each index of
I must be moved past each of the indices of J).
Anticommutativity then follows from bilinearity.

(d) is an immediate consequence of Lemma 7 and induction.

(e) To prove (e), we note that the special case in which each w’ is one of the basis
covectors €% reduces to (7).
Since both sides of (8) are multilinear in (w?,--- ,wk), this suffices. O

e For any n-dimensional vector space V', define a vector space A*(V) by
A(V) =P AtV
k=0

e It follows from Proposition 5 that dimA* (V) = 2.

e Proposition 8 shows that the wedge product turns A*(V) into an associative
algebra, called the exterior algebra of V.

e This algebra is not commutative, but it has a closely related property.

Definition. An algebra A is said to be graded if it has a direct sum decomposition
A=, A* such that the product satisfies

(Ak)(AZ) c AkJrE'

e A graded algebra is anticommutative if the product satisfies ab = (—1)*ba
for a € A*, b € AL

e Proposition 8(c) shows that A*(V') is an anticommutative graded algebra.



Differential Forms on Manifolds
Definition. The subset of T*M consisting of alternating tensors is denoted by
ARM:
AM = T AT, M).
peM

Definition. A section of A*M is called a differential k-form, or a k-form; this
is a (continuous) tensor field whose value at each point is an alternating tensor.
e The integrer k is called the degree of the form.

Definition. Denote the vector space of smooth sections of A*M by A*(M).

e In any smooth chart, a k-form w can be written locally as

w= Z’wjd:r“ A Adatt = Z’wjdxl,
T I

where the coefficients w; are continuous functions defined on the coordinate
domain, and we use dz! as the abbreviation for daz™ A --- A da'*.
e In terms od differential forms, the result of Lemma 4(c) translates to

0 0
axn""’am)

dxil/\---/\dxi"( L.

Thus the component functions w! of w are determined by

0 0

I _
=g )

e A O-form is just continuous real-valued function.
e A 1-form is a covector field.

Definition. The wedge product of two differential forms is defined pointwise:

(WAN)p =wp Anp.

e Thus the wedge product of a k-form with an ¢-form is a (k + £)-form.

e If f is a O-form and 7 is a k-form, we interpret the wedge productf A7 to mean
the ordinary product f7.

o If we define

(11) A (M) = D A" (M),

the wedge product turns A*(M) into an associative, anticommutative graded
algebra.
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Definition. If F: M — N is a smooth map and w is a smooth differential form
on N, the pullback F*w is a smooth differential form on M, defined as for any
smooth tensor field:

(F*w)p(Xl, s ,Xk) = wF(p)(F*Xl, s ,F*Xk).

e If1: N — M is the inclusion map of an immersed submfd, then we use the
notation w|y for 1*w.

Lemma 10. Suppose F : M — M is smooth.
(a) F* : A¥(N) — A¥(M) is linear.
(b) F*(w An) = (F*w) A (F*7).
(c¢) In any smooth chart,

F*(Z’wldy“ A Ady') = Z'(w, o F)d(y" o F)A--- Ad(y™ o F).
I 1

Proposition 12. Let F: M — N be a smooth map between n-manifolds. If (x*)
and (y?) are smooth coordinates on open sets U C M and V C N, respectively, and
u is a smooth real-valued function on V, then the following holds on U N F~1(V) :

(12) F*(udy* A--- Ndy™) = (uo F)(det DF)da' A --- A da™,

where DF represents the matrix of partial derivatives of F' in cooedinates.

Proof. Tt suffices to show that both sides of (12) give the same result when evaluated
on (8%1, e %). From Lemma 10,

F*(udy* A---Ndy™) = (wo F)dF* A --- ANdF™.

Proposition 8(e) shows that

0 0 .0 OF7
N n(_ 2 ... 2 | = I\ = il
dF* N NdF (311?1’ ,(%n) det(dF (8171')) det(axi)

Therefore

0 0

F*(udyl/\---/\dy")<a—$1,--- ' D

) =(uo F)det DF. O

Corollary 13. If (U, (2%)) and (U, (#%)) are overlapping smooth coordinate charts
on M, then the following identity holds in U NU':

o7
(13) d:zlA---Adgz":det<8i)dx1A---Adx".

xJ

Proof. Apply Proposition 12 with F' equal to the identity map of U N U , but using
coordinates (z*) in the domain and (/) in the range. [



