Representation Theory: Elementary Concepts

Definition. A (finite-dimensional) representation of a Lie group G is a homo-
morphism

¢: G — Aut(V),

where V' is a (finite-dimensional) vector space.
The dimension of the representation is the dimension of the vector space V.
Denote the representation of G in V' by (G, V') or simply by V.

e If (G, V) is a representation of G and g € G, v € V, then this defines an action
P:GxV — Gof GonV as follows:

®(g,v) = ¢g)(v) “EC g v

Then we obtain that e-v=v and g;-(g2-v) = (g1 9g2) - v.
For this reason a representation (G, V) is also referred to as a G-space.

e If the space V is real (respectively complex, or quaterion) vector space and, if
for all g € G, the maps

D(g): V=V, vi=®(g-v)

are linear, then the corresponding representation is called real (respectively com-
plex, or quaterion).

Definition. Let (G,V) be a representation. A subspace U of V is called invariant
or G-invariant if
g-UcU, Vgedg.

Lemma. Let G be a compact Lie group, and C(G) the set of all continuous real-
valued functions on G. Then there exists a unique function I : C(G) — R such
that

(a) I(1) = 1,
(b) I is positive (i.e. I(f) >0 for f > 0) and linear,
(c) I is invariant; i.e. I(f) =1(foLgy) =I(Rgo f) forall g € G.
The number I(f) is denoted [ f(g)dg and is called a Harr integral on G. (It is
usually realized by some of integration on G.)

Theorem 0. Let ¢ : G — Aut(V) be a representaion of a compact group G.
Then there exists a G-invariant inner product (,) on V| i.e.

(g-u,g-v)=(u,v) Yu,ve G, geaG.
Proof. Take an inner product (,) on V. Then define

(1) = /G (@(g)u, g0y dg, VuveV. O
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The Adjoint Representation

e The adjoint representation of a Lie group is a measure of the non-commutativity
of the group.

Definition. An automorphism of a Lie group G is a map ¢ : G — G that is a
diffeomorphism and a group isomorphism.

Definition. The map I, : G — G sending each h to ghg™' (which is a homo-
morphism, and since I, = R,-1 o Ly is a diffeomorphism), is a called an inner
automorphism of G.

© If G is abelian, then I, is the identity map h — h, Vg € G.

o Notice that each I, maps the identity e into itself, so that every curve through
e is mapped into a (possibly different) curve through e.

— Thus I, induces a map (I,). mapping any vector in T, to another one in Te.

— This map is called Ad(g), the adjoint transformation of 7, induced by g.

Ad(g)(Xe) = (Iq)* (Xe).

Definition. The adjoint representation of G is the homomorphism Ad : G —
Aut(Lie(G)) given by

Ad(g) = (dlg)e; e Ad(g)(Xe) = (Ig)«(Xe).
This is a homomorphism since I, = I, o I,, implies that
Ad(zy) = Ad(x) o Ad(y), by taking differentials.
It is also smooth.

— Thus, o(t) = I;(exp(tX)) is a one-parameter subgroup, with

d d
= 21 L(entX) = (I).(5]  esptX) = (I,).X.
t t=0 t t=0

o’ (0)
Hence
I, (exptX) = exp(t(I,). X) = exp(tAd(g)(X)).
In other words, the following diagram commutes:

Ad(g)
—_—

g g
epr/ lexp
G — G.

Iy

Proposition. Ad(g)(X) = (Ry-1).X, Vg € G and X € Lie(G).
Proof. By definition
Ad(9)X = dI,(X) = (Ry-1)+(Ly)+(X) = (R,-1),X, Vg€ G and X € Lie(G). O

e Now if g itself is a member of a one-parameter subgroup g(s) = exp(sY’), there
should be a natural expression for Ad(g)(X) in terms of Y. Indeed, we have



Theorem 1.

L Ad(exp V)X = (Ly X)o = [V, X]| .
dt t=0 e

(Ad(exptY)). X = [V, X].

Definition. The adjoint representation of Lie(G) is the homomorphism
ad: Lie(G) — End(Lie(G)) given by

ad(X) = (dAd)e(X) = Ad.(X,).
Theorem 1*. ad(X)Y = [X,Y] for all X, Y € Lie(G).
Proof. Let z; = exp(tX) be the flow of X € Lie(G). Since X is left-invariant
Lyoxy=xz,0L, Yye€G,
which gives that
zy(t) = x1(Ly(€)) = Ly(z1(€)) = Ray(e) (v),
and therefore

dIt = dth(e).

1 1
6, Y] =lim SV = dz(V)) = = lim —(dRy, (o (Y) = Y)

= i L (Ad(a (€)(¥) = ¥), by (1),

— lim S(Ad(zi()(Y) — V) = ad(X)Y. O

t—0 ¢t
e From the Jacobi identity it follows that adx is a derivation
ad(X)[Y, 2] = [ad(X)(Y), Z] + [Y: ad(X)(Z)).
From Theorem 1 it follows that

Ad(exp X) = exp(ad(X)).

Definition. Z(G) = {g € G : gh = hg Vh € G} denotes the center of G and
Z(Lie(G)) = {X € Lie(G) : [X,Y] =0 VY € Lie(G)} denotes the center of Lie(G).
Proposition 2. Let G be a connected Lie group. Then

ker Ad=Z(G) and kerad = Z(Lie(G))
Furthermore, the Lie algebra of Z(G) is Z(Lie(G)).

e This theorem shows that the bracket operation in Lie(G) measures the failure of
G to be commutative.
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Definition. A Lie algebra g is called abelian if [X,Y]| =0 forall X, Y € g.

Corollary 3. If G is abelian, then Lie(G) is abelian.

Proof. 1f G is abelian, then I, =Id, hence Ad, =Id for all ¢ € G. Thus by the
proof of the above theorem [X,Y] =0 for all X, Y € Lie(G). O

e For the case of a matrix group(that is a subgroup of a general linear group),

the adsjoint representation has a simple expression.

Proposition 4. If G is a matrix group, then
Ad(g)X = gXg ' Vge G, X € Lie(GQ),

(the multiplication being the multiplication of matrices).

Proof. Let t — exp(tX) be the one-parameter subgroup of X whose derivative at
t=0is X.

Since G is a metrix group, the exponential map is given by the ordinary exponen-
tiation of matrices, and thus we have

d d _
Ad(9)X =(Ig)+(Xe) = - y(exptX)| = —g(exptX)g™
t=0 t=0

d tX -1 -1
=g g = ng . ]
dte t=0



the Killing Forms

e We have seen that for any representation (G, V) of a compact Lie group G,
there exists a G-invariant inner product on V.

— In paticular, this happens for the adjoint representation of (G, Lie(G)).

— We will now introduce an explicit inner product on Lie(G).

Definition. Given a Lie algebra g, define ad : g — End(g) by
adX(Y) = [X,Y].
Definition. The Killing form of a Lie algebra g is the function B : gx g(G) — R

given by
B(X,Y) = tr(adX o adY’).

Proposition 5. The Killing forms has the following properties:

(1) It is a symmetric bilinear form on Lie(G).
(2) If g = Lie(G), then B is Ad-invariant, i.e.
B(X,Y) = B(Ad(¢)X,Ad(g)Y), Vg€ G, X,Y €gq.
(3) Each ad(Z) is skew-symmetric with respect to B, that is,
B(ad(2)X,Y) = —B(X,ad(2)Y)
or

B([X,Z],Y)=B(X,[Z,Y]).

Proof. (1) Bilinearity follows from the linearity of X — ad(X) and the linearity of
the trace. Symmetry follws from the fact that tr(AB)=tr(BA).
(2) If o0 : g — g is an automorphism of g (i.e. a linear isomorphism with
o[X,Y]=[0X,0Y]), then ad(cX) 0 0 = o o ad(x), i.e.,

ad(cX)=ocoad(cX)oo™ .
Take 0 = Ad(g) and compute
B(Ad(9)X,Ad(¢)Y) =tr(ad(Ad(g)X) o ad(Ad(g)Y))
=tr(ad(g) ocad(X) o Ad(g™") 0 Ad(g) o ad(Y) o Ad(g)™1)
=tr(ad(X)oad(Y)) = B(X,Y)
(3) We use the Jacobi identity twice and obtain
12, [X, Y, W] =[[Z, X], [Y, W]] + [X, [Z, [Y, W]]]
(2, XL, [, W]] + (X, [[Z,Y], W] + [X, [V, [, W]]|.
Hence
ad(Z) o ad(X) o ad(Y)
=ad(ad(Z)X) oad(Y) + ad(X) cad(ad(Z2)Y) + ad(X) o ad(Y) o ad(Z),
[ad(Z),ad(X) cad(Y)] = ad(ad(Z)X) c ad(Y) + ad(X) o ad(ad(2)Y).
Since tr([4, B]) = 0, for all A, B € g, we finally obtain that
B(ad(2)X,Y) + B(X,ad(2)Y) =0. O
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Definition. A Lie group G is called semisimple if the Killing form is nonnde-
generate.

Proposition 8. If G is semisimple, then the center Z(Lie(G)) = 0.

Proof. Let X € Z(g). Then [X,Y] =0 for all Y € Lie(G), thus ad(X) is the zero
operator, which gives that B(X, X) = tr(adX o adX) = 0. Since G is semisimple,
X=0 0

Corollary 9. The center of a semisimple Lie group is disctrete.

Theorem 8. If G is a compact semisimple Lie group, then its Killing form is
negative definite.

Proof. Since G is compact, by Theorem 0, there is an Ad-invariant inner product
on Lie(G), so Ad(g) is an orthogonal transfornmation on Lie(G). Thus, ad X is
skew-symmetric. Hence, if ad (X)) = (a;;) relative to an orthonormal basis,

B(X,X) = tr(ad(X) o ad(X)) = Z Z aijag; = — Z a?; <0.

Since G is semisimple, B is nondegenerate, so the above sum is strictly less than
zero. [

A Note on Complexification.

e If V is a vector space over R, then we can define the vector space
VE=V@rC (orsimply V ® C),

whose dimension over C equals the dimension of V' over R.
We can formally think of V ®g C as the set

(X +iY : X,)Y €V, i=+—1}

e If g is a Lie algebra of R, then the complexification of g is the Lie algebra g C
(or sometimes written with the notation g+1ig), with Lie bracket operation given
by

[U+iV,X +iY] = [U,X] = [V, Y] +i(][V, X] + [U, Y]).

o If T:V — W is a linear map of vector spaces over R, then we can define the

extension

T=Teld:VeC—-WeC
of T' by complex linearity, that is

e Now if ¢ : G — Aut(V) is a representation of a Lie group G, we combine the
previous concepts to define the complexified representation

p®C:G — Aut(VE).
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Example. Let G = SU(2) with the Lie algebra Lie(SU(2)) consisting of matrices

of the form
18 z
-5 —i5 )’

We will compute the adjoint representation Ad:SU(2) — Aut(Lie(SU(2))). Let
[ iy u+iv
A_<—u+iv x—iy)ESU(2)'

We know that Ad(A) is a non-singular linear transformation on LieSU(2) given by
Ad(A)B = ABA™!

To find this transformation ( actually the matrix that corresponds to this transfor-
mation), we pick a basis

(o %) (%6) (7o)

for Lie(SU(2)), and compute

T+ 1y U+ v i 0

Ad( —u + v —:v—i—iy) (0 —i)

[ Ty U+ v i 0 T—1Yy —u—1v

S\ —u+tiv —z+iy 0 —i —u—iv x+iy

_ :E—l—zy —i(u+ iv) x—iy —(u+iv)

o (u—iv) —i(z—1y) u—iv Tty

. ix? +iy? — iu? — iv? 2zv + 2uy — 2izu + 20y

T\ —2uy — 2zv — 2izu + 2ivy u? +iv? — iz —iy? '
T+ 1y U+ v 0 1

Ad —u + v —x—l—zy) ( 1 0)

T4y U+ v 0 1 T—1Yy —UuU-—1
—u+w —r+y 0 u—1w T+

-1
(u+iv) x—i—zy ><x—zy u—l—w))

(x —iy) (u — iv) U — W T +1y
_ —2wcv + 2iyu (u+iv)? + (z + iy)?
T\ (2 —iy)? — (u—iv)? 2ixv — 2iyu '

A

[N

T+ iy U+ v O )
—u—+iv —x+1iy 0
x+iy  u+iv O i z—1iy —(u-+iv)
—u+w —zr+y 0 U — 1 T4y

i(u + iv) x+zy)><x—iy —(u—l—iv)>

i(x —iy) (u — iv) u—iv Tty
_ 2wcu + 2iyv i(r +iy)? —i(u + iv)?
T (e —iy)? —i(u —iv)? —2izu — 2iyv '

(-
(-
(=
(~
(-
(-
(i
[«



Thus

T+ 1y u + v
Ad(—u—i—iv —:v—i—iy)

22 +y? —u? —0? —2xv + 2uy 2xu + 2yv
= 2uy + 2xv 22 —y? +u? —0v? —2xy + 2uv
—2zu + 2yv 2xy + 2uv 22— y? —u? + 02

This takes a particular simple and useful form on the diagonal element of SU(2):

N7 1 0 0
Ad ( 0 it ) =10 cos20 —sin20
0 sin26 cos26

Using the same basis for the Lie algebra, we obtain

. 00 0
ad<lg _0.9>_ 0 0 -20
! 020 0

Then a simple calculation using the basis gives that if
(0 0 _(ip 0
X‘(o —i@) andy_(o —i¢)’

B(X,Y) = tr(ad(X)ad(Y)) = —80¢ = 4tr X Y.

then



