Lie algebras

Definition. A Lie algebra is a real vector space g endowed with a map called
the bracket from g x g to g, usually denoted by (X,Y) — [X,Y], that satisfies the
following properties for all X, Y, Z € g:

(1) Bilinearity: For a, b € R,
[aX +bY, Z] =a[X, Z] + V]Y, Z]
[Z,aX +bY]| =a[Z, X] + b[Z,Y].
(2) Antisymmetry: [X,Y] = —[Y, X].
(3) Jacobi’s Identity:
(X [V, 2] + [V, [Z, X]] + [Z, [X, Y]] = 0.

e The Jocobi identity is a substitute for associativity, which does not hold in
general for brackets in a Lie algebra.

Definition. If g and § are Lie algebras, a linear map A : g — b is called a Lie
algebra homomorphism if it preserves brackets:

A[X,Y] = [AX, AY].
e An invertible Lie algebra homomorphism is called a Lie algebra isomorphism.
o I[fthere exists a Lie algebra isomorphism from g to b, we say they are isomorphic
as Lie algebras.
Examples of Lie Algebras

(a) The space I'(T'M) of all smooth vector fields on a smooth manifold M is a Lie
algebra under the Lie bracket by Lemma 4.12.

(b) The vector space M (n,R) of n x n real matrices becomes an n2-dimensional Lie
algebra under the commutator bracket

[A,B] = AB — BA.
— Bilnearity and antisymmetry are obvious from the definition, and the Jacobi
identity follows from a straightforward calculation.

— When we are regarding M (n, R) as a Lie algebra with this bracket, we will denote
it by gl(n,R).

(c) Similarly, gl(n, C) is the 2n-dimensional (real) Lie algebra obtained by endowing
M (n,C) with the commutator bracket.

(d) If V is a vector space, the linear space gl(V') of all linear maps from V to itself
becomes a Lie algebra with the commutator bracket:

[A, Blx = A(Bx) — B(Ax).

— Under our usual identification of n X n matrices with linear maps from R™ to
itself, g[(R™) is the same as gl(n,R).

(e) Any vector space V becomes a Lie algebra if we define all brackets to be zero.

Definition. A Lie algebra whose brackets are all zero is said to be abelian.
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The Lie Algebra of a Lie Group

e The most important application of Lie brackets occurs in the context of Lie
groups.

e Suppose G is a Lie group. Any g € G defines maps Ly, Ry : G — G, called left
translation and right translation, respectively, by

Ly(h) = gh, R4(h) = hg.
— Because L, can be written as the composition of smooth maps
G5 GxG™ G,

where 14(h) = (g, h) and m is multiplication, it follows that L, is smooth.
— It is actually a diffeomorphism of G, because L,-1 is a smooth inverse for it.
© Similarly, R, : G — G is a diffeomorphism.

e Observe that, given any two points g1, g2 € G, there is a unique left translation
of G taking g to g2, namely left translation by g2g; L
— Many of the important properties of Lie groups follow from the fact that we can
systematically map any point to any other by such a global diffeomorphism.

Definition. A vector field X on G is said to be left-invariant if it is invariant
under all left translations, in the sense that it is Lg-related to itself for every g € G.
— More explicitly, this means

(1) (Lg)*Xg’ = Xgg', Vgagl €G.
— Since L, is a diffeomorphism, this can be abbreviated by writing (Lg).X = X

for every g € G.

e Because (Lg)«(aX+bY) = a(Ly)+ X +b(Ly).Y, the set of all smooth left-invariant
vector fields on G is a linear subspace of 7 (M).
e The central fact is that it is closed under Lie brackets.

Lemma 1. Let G be a Lie group, and suppose X and Y are smooth left-invariant
vector fields on G. Then [X,Y] is also left-invariant.

Proof. Since (Lg)«X = X and (Ly).Y =Y by definition of left-invariance, we have
(L)« [X, Y] = [(Lg)+ X, (L) Y] = [X, Y].
Thus [X,Y] is Ly-related to itself, i.e., is left-invariant. O

e If GG is a Lie group, the set of all smooth left-invariant vector fields on G is a
Lie subalgebra of I'(T'M) and is therefore a Lie algebra. This is called the Lie
algebra of G, and is denoted by Lie(G), or G.

e We will see in Corollary 3 below that the assumption of smoothness in (b) is
redundant.
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e The fundamental fact is that Lie(G) is finite-dimensional, and in fact has the
same dimension as G itself, as the following theorem shows.

Theorem 2. Let G be a Lie group. The evaluation map ¢ : Lie(G) — T.G, given
by

e(X) =X,
is a vector space isomorphiem. Thus Lie(G) is finite-dimensional, with dimension
equal to dimG.

Proof. We will prove the theorem by constructing an inverse for .
For each V' € T.G, define a (rough) vector field V on G by

(2) Vo = (Lg):V.
If there is a left-invariant vector field on G whose value at the identity e is V, it
has to be given by this formula.

(I) First we need to check that V is smooth.

— Tt suffices to show that V f is smooth whenever f is a smooth real-valued function

on an open set U C G.
— Choose a smooth curve v : (—¢g,¢) — G such that v(0) = e, v/(0) = V. Then for

allg e U,
(VING) = Vof = (L) V) =V (foLy) =7 (0)(foLy) = (foLgov)(®).
t=0
— If we define ¢ : (—¢,6) x G = R by ¢(t,g) = foLgo~(t) = f(g(v(t))),
the composition above shows that (V f)(g) = %—f(O, g)-
Because ¢ is a composition of group multiplication, f and ~, it is smooth.
It follows that %—f(O, g) depends smoothly on g, so V f is smooth.

=

(IT) Next we need to verify that V is left-invariant, which is to say that
(Ln)+Vy = Vig, Vg, heG.
This follows from the definition of V and the fact that Ly, o Ly = Lpg:
(L)« Vg = (Ln)«(Lg)sV = (Lig):V = Vig.

(ITI) Finally, we check that the map 7:V — V is an inverse for ¢.
— On the one hand, given a vector V € TG,

e(r(V)) =e(V) = (V)e = (Le):V =V,

which shows that e o 7 is the identity on T.G.
— On the other hand, given a vector field X € Lie (G),

T(e(X))g = 7(Xe)g = Xe‘g = (Lg)Xe = Xy,
which shows that 7o e = Idy;c (g)- O

e Given any vector V € T.G, we will consistently use the notation V to denote
the smooth left-invariant vector field defined by (2).

Corollary 3. Every left-invariant rough vector field on a Lie group is smooth.

Proof. Let V be a left-invariant rough vector field on a Lie group G.

The fact that V is left-invariant implies that V' = V., which is smooth. [



Examples. Let us determine the Lie algebra of some familar Lie groups.

(a)

Euclidean space R™: Left translation by an element b € R™ is given by the
affine map
Lb (.I) = b + &€,

whose pushforward (Ly). is represented by the identity matrix in the standard
coordinates.

Thus a vector field V* 8%- is left-invariant iff its coefficients V* are constants.
Because the Lie bracket of two constant-coefficient vector fields is zero by (4.5),
the Lie algebra of R™ is abelian, and is isomorphic to R" itself with the trivial
bracket. In brief, Lie (R™) = R™.

The circle group S': In terms of appropraite angle coordinates, each left
translation has a coordinate representation of the form

0— 0+c.
Thus the vector d/df is left-invariant, and therefore a basis for the Lie algebra

of St.
This Lie algebra is 1-dimensional and abelian, and therefore Lie(S') = R.

The n-torus T =S x --- x S!: A similar analysis shows that (527, - , 557)
is a basis for Lie(T™), where % is the angle coordinate vector field on the ith

St factor.
Since the Lie brackets of these coordinate vector fields are all zero, Lie(T™) = R™.

The Lie groups R™, S', and T" are abelian, and as the discussion above shows,
their Lie algebras turn out to be abelian.

— This is no accident:

Theorem. The Lie algebra of any abelian Lie group is abelian.

Just as we can view the tangent space as a “linear model” of a smooth manifold
near a point, the Lie algebra of a Lie group provides a “linear model”
of the group, which reflects many of the properties of the group.

Because Lie groups have more structure than ordinary smooth manifolds, it
should come as no surprise that their linear models have more structure than
ordinary vector spaces.

Since a finite-dimensional Lie algebra is a purely linear-algebraic object, it is
simpler to understand than the group itself.

Much of the progress in the theory of Lie groups come from a careful analysis of
Lie algebras.



Induced Lie Algebra Homomorphisms

e The importance of the Lie algebra of a Lie group stems, in a large part, from the
fact that each Lie group homomorphism induces a Lie algebra homomorphism.

Theorem 4. Let G and H be Lie groups, and let g and b be their Lie algebras.
Suppose F : G — H is a Lie group homomorphism.

For every X € g, there is a unique vector field in § that is F-related to X.

With this vector field denoted by F.X, the map F, : g — b so defined is a Lie
algebra homomorphism.

Proof. If there is any vector field Y € § that is F-related to X, it must satisfy
Y. = F. X,, and thus it must be uniquely determined by
Y = F.X,.
(i) To show that Y is F-related to X, note that the fact that F is a homomor-
phism implies
Fgg") = F(9)F(g') =F(Lgg') = Lr(gF(9')
éFOLg = LF(g) oF
—F, o0 (Lg)* = (LF(q))*F*
Thus
F*Xg = F*(Lg)*Xe = (LF(g))*F*Xe = (LF(q))*}/e = YF(g)-
This says precisely that X and Y are F-related.
(ii) VX € g, let Fi. X denote the unique vector field in § that is F-related to X.
It then follows immediately from the naturality of Lie brackets that
F.[X,Y] =[F.X,F.Y],
so Fj is a Lie algebra homomorphism. [

Definition. The map F, : g — h whose existence is asserted in this theorem will
be called the induced Lie algebra homomorphism.

e Note that the theorem implies that for any left-invariant vector field X € g,
F. X is a well-defined smooth vector field on H, even though F' may not be a
diffeomorphism.

Proposition 5 (Properties of the Induced Homomorphism).

(1) The homomorphism (Idg). : Lie(G) — Lie(G) induced by the identity map
of G is the identity of Lie(G).
(2) If 1 : G — H and F5 : H — K are Lie group homomorphisms, then
(FQ 9] Fl)* = (FQ)*(Fl)* : L1e(G) — LlG(K)
(3) Isomorphic Lie groups have isomorphic Lie algebras.

Proof. The relations (Idg ). =Id and (FroF} ). = (F2)«(F1 )« hold for pushforwards.
— Since the value of the induced homomorphism on a left-invariant vector field X
is determined by the pushforward of X, this proves (1) and (2).
— If F: G — H is an isomorphism, (1) and (2) together imply that
F.o(F Y, =(FoF),=Id= (F '), 0F,,
so Fy : Lie(G) — Lie(H) is an isomorphism. This proves (3). O



