Weitzenbock Formulas

e Let E — M be a Hermitian vector bundle with a metric connection D.
Suppose E is a Cl(M)-module and D is a Clifford connection.

— If we consider the Dirac-type operator
D:C*M,E)— C*(M,E)

and the covariant derivative D : C*°(M, E) — C*(M,T*M ® E),
then ©2 and D* D are operators on C°°(M, E) with the same principal symbol.
— It is of interset to examine their difference,
which is clearly a differential operator of order < 1.
In fact, the difference has order 0.
This can be seen in principle from the following considerations.
(i) We have

D*(fp) = [D*0 — 2Dgraa s — (Af)e,

where ¢ € C*°(M, E) and f is a scalar function.
(ii) Similarly, we compute D*D(f¢). The derivation property of D implies

(2) D(fp) = fDo+df @ ¢.
To apply D* to this, first a short calculation gives
D fu@ ) = fD"(u® @) = (df, u)p,
for u e C°(M,T*), p € C°(M, E), and hence
D*(fD¢) = fD*Dip = Dygraa ¢-

This gives D* applied to the first term on the right side of (2).
— To apply D* to the other term, we can use the identity

D*(u® ) = —Dyp — (divU ).
where U is the vector field corresponding to v via the metric on M. Hence
D*(df ® ) = —Dgraa 1 — (Af)ep.
Then (6) and (4) applied to (2) gives
D*D(f¢) = fD*Dp = 2Dgraa ¢ — (Af ).
Comparing (1) and (7), we have
(9% = D*D)(fp) = f(D* - D" D)y,

which implies ©2 — D* D has order zero, hence is given by a bundle map on E.

e We now derive the Weitzenbock formula for what the difference is.
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Proposition 1. If E — M is a Cl(M)-module with Clifford connection and asso-
ciated Dirac-type operator ®, then, for p € C*°(M, E)

9) D%p=D*Dyp — Z vV, K(ek, ;) e,
i>k
where {e;} is a local orthonormal frame of vector fields, with dual frame field {v,},
and K is the sectional curvature tensor of (E, D).
Proof. Starting with Dy = i) v;D.; ¢, we obtain
33290 = Z UkDek (UjDej 90)
jok

== ka[UjDekDej(p + (Dek’l}j)DejSD]-
7.k

Replace D, D.; by the Hessian, using the identity

2 .
Dek,ej = DekDej(p - DDekej(p7
We obtain
Do =— Y wuDZ . ¢
g,k
(12) = wkl[v;Dp,, ;0 + (Dervj)De, ).
4.k

Let us look at each of the two double sums on the right.
(i) Using vjz = 1 and the anticommutator property vyv; = —v;vi for k # j, we see
that the first double sums becomes

- ZDej,ej(p - Zvjvklcek,ej(p
J

j>k

since the antisymmetric part of the Hessian is the curvature.
This is equal to the right side of (9).

(ii) As for the remaining double sum in (12), for any p € M, we choose a local
orthonrmal frame field such that D er = 0 at p, and then this tem vanishes at
p. O

e We denote the difference ©2 — D*D by &, so
(D* — D*D)p = Rp, R € C®(M,EndE).

The formula for K in (9) can be written as
1
(15) Rp = —3 kaij(ek,ej)cp
Jik

The general formula for K simplifies further in some important special cases.
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Proposition 2. Let E = A*M, with Cl(M)-module structure and connection, so
R € C>®(M,EndA*). Then

(16) u € A'M = R = Ric(u).

Proof. The curvature of A*M is the sum of curvatures of each factor A*M.
In particular, if {e;,v;} is a local dual pair of frame fields,

(17) K(ei,ej)vk = _Rkh’jvfa

where Rkh-j are the components of the Riemann tensor, with respect to the frame
fields, and use the summation convention.
— In view of (15), the desired identity (16) will hold provided

1
(18) ivivijkgij = Ric(vg),

so it remains to establish the identity (18).
— Since if (1, 7, £) are distinct, v;vjv, = vev;v; = V;Ve;,
and since by Bianchi’s first identity

Rklij + Rkjfi + Rkijl =0,

in summing the left side of (18), the sum over distict (4, j, £) vanishes.
— Thus the only contribution arise from i = £ # j and i # £ = j.
— Therefore, the left side of (18) is equal to

1 .
5(_ijk“_j + ’UiRkjij) e ijkjij = RlC(vk).

which completes the proof. [
e We next derive Lichnerowicz’s calculation of £ when E = S(Pspin), the spinor

bundle of a manifold M with spin structure.
First we need an expression for the curvature of S(Pspin).

Lemma 3. The curvature tensor of the spinor bundle S(Pspin) Is given by
Lok
(20) Klei,ej)p = 7R wjvnvep.

Proposition 4. For the spin bundle S(Pspin), 8 € C°° (M, End S(Pspin)) Is given
by

R = =(Scal)p,

B~ =

whose Scal is the scalar curvature of M.

Proof. Using (20), the general formula (15) yields

1 1
p= —ngeijUivjvkvw = gUinUéRkéij'Uk(Pu



the last identity holding by the anticommutation relations; note that only the sums
over k # ¢ counts. This becomes

1
R :Zvikakﬁjgﬁ, by (17) and (18)

1
1
4

(Scal)p. O

Proposition 5. Let E — M have a metric connection D, with curvature R¥. For
the twisted Dirac operator on sections of F' = S(Pspin) ® E, the section £ of End F
has the form

1 1
RwZZ@%D¢—§§:WWRW%£n%

i
here R¥(e;,e;) is shorthand for I @ R¥(e;,e;) acting on S(Pspin) @ E.
Proof. This formula is a consequence of the general formula (15) and the argument
proving Proposition 4, since the curvature of S(Pspin) ® E is
K®I+1®RE,

K being the curvature of S(Pspin), given by (20). O
Proposition 6. If M is compact and connected, and the section £ in (14)-(15)
has the property that 8 > 0 on M and K > 0 at some point, then ker® = Q.
Proof. This is immediate from (D%p, p) = (¢, @) + [|Do||3.. O
Proposition 7. If M is compact Riemannian manifold with positive Ricci tensor,
then by (M) = 0, that is, the de Rham cohomology group H'(M,R) = 0.
Proof. Claim: if u € A*(M) and du = §u = 0, then u = 0.
By Proposition 2, we have

IDull7 = (Ric(w), u) + [[DulZ..
On the other hand, we have ®u = 0, by hypothesis. [

Proposition 8. If M is a compact, connected Riemannian manifold with a spin
structure whose scalar curvature is > 0 on M and > 0 at some point, then M has
no nonzero harmonic spinors, that is, ker® = 0 in C>°(M, S(P)).

Proof. In view of (21), this is a special case of Proposition 6. O



