Integral (or Weak) Solutions
1. The Method of Characteristics Revisited
e The method of characteristics applied to the problem

{ up + q(u)y =0

M u(z,0) = g(a)

gives the travelling wave

dq
2 ) =gl -~ 6(@0), (¢ = 52)
with local speed ¢’(g(&)), in the positive z-direction.
© Since u(x,t) = g(&) along the characteristic based at (,0),
from (2) we obtain that u is implicitly defined by the equation

(3) Gz, t,u) =u— gz — ¢ (u)t) =0.

If g and ¢’ are smooth, the implicit function theorem implies that the equa-
tion (3) defines u as a function of (x,t), as long as the condition

(4) Gu(@,t,u) =1+1tq"(u)g'(z — q'(u)t) #0

holds. As immediate consequence is that if ¢’ and ¢’ have the same sign, the
solution given by the method of characteristics is defined and smooth for all
times t > 0. Precisely, we have

Proposition 1. Suppose that ¢ € C%(R), g € C1(R) and ¢g’¢q” > 0 in R. Then (3)
defines the unique solution of problem (1) in the half-plane t > 0.
Moreover, u(z,t) € C*(R x [0, 00)).

e Thus, if ¢” and ¢’ have the same sign, the characteristics do not intersect.

e Note that in the e-approximation of the green light problem,
q is concave and g. is decreasing.

— Although g. is not smooth, the characteristics do not intersect and p. is well
defined for all times ¢ > 0.
In the limit as € — 0, the discontinuity of g reappears and the fan of character-
istics produces a rarefaction waves.

e What happens if ¢’ and ¢’ have a different sign in an interval [a, b]?

® Proposition 1 still holds for all small times, since G,, ~ 1 if t ~ 0,
but when the time goes on we expect the formation of a shock.

— Indeed, suppose, for instance, that ¢ is concave and g is increasing.
The family of characteristics based on a point in the interval [a, b] is

(5) z=q (gt +& &elab].

When ¢ increases, g increases as well, while ¢’(g(€)) decrease so that we expect
intersection of characteristics along a shock curve.

— The main question is to find the positive time t¢; (breaking time) and the
location zs of the first appearance of the shock.
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e According to the above discussion, the breaking time must coincide with the
first time ¢ at which the expression

Gu(z,t,u) =14 tq" (u)g'(x — ¢'(u)t)

becomes zero.
— Computing G, along the characteristic (5), we have u = g(¢) and

Gu(z,t,u) = 1+tq" (w)g'(§).

Assume that the nonnegative function

2(§) = —q"(9(£))g' (€)

attains its maximum only at the point {yr € [a,b]. Then z(£5r) > 0 and

(©) o= min =
s = min — = .
celab 2(§)  2(&m)
Since z; belongs to the characteristics © = ¢'(g(§ar)) + &, we find
7' (9(&nm))
7 Ty = ——— 4+ &y
(7) (Enn) Em

e The point (x4, ts) has an interesting geometric meaning:
If ¢"¢' < 0, the family of characteristics (5) admits an envelope and (zs,ts) is
the point on the envelope with minimum time coordinate, recalling the following

Definition. The envelope of a family of curves ¢(x,t,§) = 0, with parameter
&, is a curve ¥(xz,t) = 0 tangent at each one of its points to a curve of
the family. If the family of curves ¢(z,t,£) = 0 has an envelope, its parametric

¢(z,t,§) =0
e(x,1,§) =0
Example 1. Consider the initial value problem

{ us + (1 — 2u)u, =0,

u(z,0) = arctan x.

equations are obtained by solving the system { with respect to x,t.

We have q(u) = u—u?, g(§) = arctan ¢, and hence ¢'(u) = 1 — 2u, ¢’ (u) = —2 and

g€ = ﬁ Therefore, the function

has a maximum at 37 = 0 and z(0) = 2.
® The breaking time is ¢ = 3 and 2, = 5. Thus, the shock curve starts from (3, 3).
-~ For0<t< %, the solution u is smooth and implicitly defined by the equation

(8) u — arctan[z — (1 — 2u)t] = 0.

After t = 3, equation (8) defines u as a multivalued function of (z,t) and does
not define a solution anymore.

©® How does the solution evolve after ¢t = 1/27?

— We have to insert a shock wave into the multivalued graph of u in such a way
the conservation law is preserved.

— We will see that the correct insertion point is prescribed by the Rankine-Hugoniot
condition.



2. Definition of Integral Solutions.

e We have seen that the method of characteristics is not sufficient, in general, to
determine the solution of an initial value problem for all times ¢ > 0.

— In the green light problem a rarefaction wave was used to construct the solution
in a region not covered by characteristics.

— In the traffic jam case the solution undergoes a shock, propagating according to
the Rankine-Hugoniot condition.

e Some questions arise naturally:
Q1. In which sense is the differential equation satisfied across a shock or,
more generally, across a separation curve where the constructed curve is not
differentiable?
Q2. In the solution unique?
Q3. Ifthere is no uniqueness, is there a criterion to select the “physically correct”
solution?

e To answer, we need first of all to introduce a more flexible notion of solutions,
in which the derivatives of the solution are not directly involved.
— Let us go back to the problem
Ug + Q(u)z =0
(9) _
u(z,0) = g(z)
and assume for the moment that u is a smooth solution, at least of class C! in
R™ x [0,00). We say that u is a classical solution.

e Let v be a smooth function in R x [0, 400) with compact support.
— Multiply the differential equation by v and integrate on R x (0, +00). We obtain

(10) /000 /R[ut + q(u)z|vdzdt = 0.

The idea is to carry the derivatives onto the test function v via an integration
by parts.
— If we integrate by parts the first term in (10) with respect to ¢, we obtain

/Ooo/Rutvdxdt_—/OOO/Ruvtdxdt_/Ru(x,o)v(x,o)dx
_/m/uvtdwdt_/g(iv)v(:v,O)d:c.

— If we integrate by parts the second term in (10) with respect to x, we obtain

/ / q(u)zv drdt = / / w)v, dedt

— Then the equation (10) becomes

(11) / /uvt—i—q vm]d:cdt—i—/ g(z)v(x,0) = 0.

We have obtained an integral equation, valid for every test function v.
— Observe that no derivative of u appears in (11).



e On the other hand, suppose that a smooth function u satisfies (11) for every
test function v.
— Integrating by parts in the reverse order, we arrive at the equation

(12) /0 /R[ut + q(u)z]v dedt + /R[g(x) — u(z,0)]v(x,0) =0,

still true for every test function wv.
- Choose v vanishing for ¢ = 0; then the second integral is zero and the arbitrari-
ness of v implies

(13) ur +q(u)y; =0 in R x (0, 4+00).
e Choosing now v(z,0) # 0, from (12) and (13), we obtain

[ ls(@) = ute.0)t0) 0.
The arbitrariness of v implies
u(z,0) =g(xz) inR.

Therefore u is a solution of problem (9).

Conclusion. A function u € C1(R x [0,4+00)) is a solution of problem (9) iff the
equation (11) holds for every function v.

e But (11) makes sense for u merely bounded, so that it constitutes an alternative
integral or weak formulation of problem (9).
— This motivates the following definition.

Definition 1. A function u, bounded in R x [0,00), is called integral (or weak)
solution of problem (9) if equation (11) holds for every test function v in R x [0, 00),
with compact support.

e We point out that an integral solution may be discontinuous, since the definition
requires only boundedness.



3. The Rankine-Hugoniot Condition.

e Definition 1 looks rather satisfactory, because of its flexibility.

— However we have to understand which information about the behavior of weak
solutions at a singularity, e.g. across a shock curve, is hidden in the integral
formulation.

e Consider an open set V, contained in the half-plane ¢ > 0, partitioned into two
disjoint domains V* and V'~ by a smooth (shock) curve T of equation x = s(t).

e Suppose u is a weak solution in V, of class C' in both V+ and V—, separately.
— We have seen that wu is a classical solution of

us +q(u), =0 inV*tand V.
® Choose now a test function v, supported in a compact set K C V, such that

K NT is non-empty.
— Since v(z,0) = 0, we can write

0= /0 h /R fuvs + q(u)o,] dadt
= /v+ [uvy + q(u)vy] dedt + / ) [uv + q(u)vy] dedt.

Integrating by parts and observing that v = 0 on 9V \ T, we have

/v+ [uve + q(u)v,] dedt = — /v+ [ur + q(u)z]v dedt + /F[qunQ + q(uy)niJvdl

:/[U+n2 + q(uq)najv dl
r

where u, denotes the value of u on I' from the V't side, n = (n1,ns) is the out-
ward unit normal vector on OV T and df denotes the arc length on I'. Similarly,
since n is inward with respect to V' :

/ ) [uve + q(u)v,] dedt = — /F[u,ng + q(u_)niJvdl

where u_ denotes the value of v on I' from the V~ side. Therefore we deduce
that

/F (lauy) — a@u)]ns + [us — u_Jna}odé = 0.

The arbitrariness of v yields
(14) [q(uy) —qu)]ni + ur —u_Jna =0 onT.

If w is continuous across I', (14) is automatically satisfied.



If uy # u_, we write the relation (14) more explicitly. Namely, since x = s(t)

on I', we have .
n= (nl,ng) = m(—l,s(t))

Hence (14) becomes, after simple calculations,

_ qlut (s, )] — qlu—(s,?)]
us(s,t) —u_(s,t)

(15)

)

which is the Rankine-Hugoniot for the shock curve I'.

e In general, functions constructed by connecting solutions and rarefaction waves
in a continuous way are weak solutions.

— The same is true for shock waves satisfying the Rankine-Hugoniot condition.

— Then, the solutions of the green light and of the traffic jam problems are precisely
integral solutions.

e Thus, Definition 1 gives a satisfactory answer to question Q1.
The other two questions require a deeper analysis as the following example shows.

Example 2 (Non-uniqueness). Imagine a flux of particles along the z-axis, each
one moving with constant speed.

Suppose that u = u(x,t) represents the velocity field, which gives the speed of the
particle located at z at time t¢.

If © = x(t) is the path of a particle, its velocity at time ¢ is given by

z(t) = u(x(t),t) = constant.

Thus, we have

0 :%u(z(t}, t) = up(x(t),t) + ug(z(t), t)L(t)
=uz(z(t),t) + uz (x(t), t)u(z(t), t).

Therefore u = u(x,t) satisfies Burger’s equation

2
(16) wp + Uy = up + (%) =0

which is a conservation law with g(u) = “2—2

— Note that ¢ is strictly convex: ¢'(u) = u and ¢”(u) = 1.
We couple (16) with the initial condition u(x,0) = g(z), where

(2) {0 r <0
€Tr) =
9 1 z>o0

The characteristics are the straight lines

(17) z = g(zo)t + 0.



Therefore,

0 <0
u(@,t) = 1 x>t

The region S = {0 < = < t} is not covered by characteristics.

As in the green light problem, we connect the states 0 and 1 through a rarefac-
tion wave.

Since ¢'(u) = u, we have 7(s) = (¢')"*(s) = s, so that we construct the weak
solution

0 <0
(18) u(z,t)=4¢ %, 0<z<t
1 x>t

However, u is not the unique weak solution.
There exists also a shock wave solution.
In fact, since

1
w=0, wp=1, q)=0, qluy) =3,

the Rankine-Hugoniot condition yields

) —qfu) 1
=" =5

Given the discontinuity at = = 0 of the initial data, the shock curve starts at
s(0) =0 and it is the straight line

Hence the function

u(xvt)_{o z <

1 x>

N+ N+

is another weak solution.
As we will see, this shock wave has to be considered not physically acceptable.

The example shows that the answer to question Q2 is negative and the question
Q3 becomes relevant.
We need a criterion to establish which one is the physically correct solution.



4. The Entropy Condition
e From Proposition 2 we have seen that the equation
Gz, t,u)=u—g(x—q¢(u)t) =0

defines the unique classical solution u of problem (9), at least for small times.
The implicit function theorem gives

Gu = 1+tg’q”'
If we assume ¢’ > 0, ¢” > C > 0. we obtain

E 1
e < —, here £ = —.
Uy < where c
Using the mean value theorem, we deduce the following condition, called
Entropy Condition. There exists E > 0 such that, for every x, z € R, z > 0,
and every t > 0,
E
(19) u(z + z,t) —u(z,t) < T

e The denomination comes from an analogy with gas dynamics, where a condition
like (19) implies that entropy increases across a shock.

e The entropy condition does not involve any derivative of u and makes perfect
sense for discontinuous solutions as well.

e The function
E
x = u(z,t) — ?CL'

is decreasing. In fact, let x + z = z3, x = 21 and z > 0. Then x5 > x; and
(19) is equivalent to

E E
(20) u(xza,t) — < T2 < u(zy,t) — o1

e If z is a discontinuity point for u(-,t), then
(21) uy(z,t) <u_(z,t)
where u (z,t) = lim,_,,+ u(y,t). In fact, we may choose r; < x < w2 and let
x1 and x2 both go to z in (20) to obtain (21).

e If ¢ is strictly convex, (21) yields

q(uy) —q(u-)

<q'(u_).
. q (u-)

q (uy) <

Then, the Rankine-Hugoniot solution implies that, if 2 = s(¢) is a shock wave

(22) q (u(z,1) < 8(t) < q'(u—(,1))
which is called the entropy inequality. The geometrical meaning of (21) is
remarkable:

The slope of a shock curve is less than the slope of the left-characteristics and
greater than the slope of the right-characteristics.



Roughly speaking, the characteristics hit forward in time the shock line,
so that it is not possible to go back in time along characteristics and hit a shock
line, expressing a sort of irreversibility after a shock.

e Thus, in Example 2, the solution w represents a non-physical shock since it does

not satisfy the entropy condition.
The correct solution is therefore the simple wave (18).

e The following important result holds.

Theorem 2. If ¢ € C%(R) is convex or concave and g is bounded, there exists a
unique entropy solution of the problem (9).

5. The Riemann Problem.
e We apply Theorem 2 to solve explicitly the problem (9) with initial data
U z <0
23 =
(29 s = {2 T

where uy and u_ are constants, uj # u_.
This problem is known as Riemann problem, and it is particularly important

for the numerical approximation of more complex problems.

Theorem 3. Let ¢ € C?(R) be strictly convex and q" > h > 0.
(a) If uy < u_, the unique entropy solution is the shock wave

wo-{z T
where
§(t) = q(u+) : ‘J(Uf).
Uy — U

(a) If uy > u_, the unique entropy solution is the rarefaction wave

o E<q(u)
u(a ) = r(2)  qu) <% <qluy)
w2 >q(ug)

where r = (q')~! is the inverse function of ¢'.

Proof. (a) The shock wave (24) satisfies the Rankine-Hugoniot condition and there-

fore it is clearly a weak solution.
— Moreover, since u; < u_, the entropy condition holds as well, and u is the

unique entropy solution of problem (23) by Theorem 2.
(b) Since
r(q(us) =up and (¢ (u")) = u-,
u is continuous in the half-plane ¢ > 0 and we have only to check that u satisfies
the equation u; + q(u), = 0 in the region

S ={(@.0):q'u-) < 7 <qlup)}
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Let u(x,t) = 7(%). We have

1
wt gt == (D) 2o (5) 1= (2

Thus u is a weak solution in the upper half-space.
e Check the entropy condition.

Case 1. ¢(u_)t <z <z + 2z < ¢ (uy)t.
Since ¢” > h > 0, we have

where s = ¢'(r),

so that

<—=, (0<z"<2z),

which is the entropy condition with E = 1/h.

Case 2. © <z + z < ¢'(u_)t. We have u(z + 2z) = u(x).
Case 3. ¢'(uy)t <z <z + 2. We have u(z + z) = u(z).
Case 4. < ¢'(u_)t < ¢'(u4)t <  + z. We have

u(x+2)=us < r(x i Z) and u(z) =u_ > r(%)

Case 5. © < ¢'(u_)t < z + z < ¢'(u4+)t. We have

u(x—i—z):r(x—i_z

) and u(a:):u,w(%).

Case 6. ¢'(u_)t <z < ¢'(uq)t <z + z. We have

x4+ z x

) and u(x):t. O

u(x +2) = uyp <r(



