The Multi-dimensional Wave Equation (n > 1)
Special Solutions: Spherical waves (n = 3)
Spherical waves (n = 3) are of the form
u(x,t) = w(r,t)
where x = (21, %2, 23), r = /27 + 23 + 23.
— In this case, it is appropriate to use the spherical coordinates
x1 =rcosfsiny, xy =rsinfsiny, x3=rcosy.
Then, the wave equation becomes

1 2 1 cos Y
1 ) — Upy — —Uyp =0.
S {<anwﬁ o+ + w“¢}

e Let us now determine the general form of a spherical wave in R3.
Inserting u(x,t) = w(r,t) into (1), we obtain

2
wy — 2 (wrr + —wr> =0
r
which can be written in the form
(2) (rw)y — & (rw)y =0.
Then, d’Alembert’s formula gives
F t —ct
) wrg) = T G

which represents the superposition of two attenuated progressive spherical waves.
— The wave fronts of w, are the spheres r — ¢t = k, expanding as time goes on.
Hence, w, represents an outgoing wave.
— The wave fronts of w; are the spheres r + ct = k, contracting as time goes on.
Hence, w; represents an incoming wave.

= w;(r, t) + wo(r,t)

The Cauchy Problem
1. Fundamental Solution (n = 3) and Strong Huygens’ Principle.

e In this section we consider the global Cauchy problem for the three-dimensional
homogeneous wave equation:
A Uy — 2Au = 0, zeR3 t>0,
@ { w(x,0) = g(x), u(x,0)=h(x), ze€R3.

— We know that problem (4) has at most one solution u € C?(R? x [0, +00)).

— Our purpose here is to show that the solution u exists and to find an explicit
formula for it, in terms of g and h.

— Our derivation is rather heuristic so that, for the time being, we do not worry
too much about the correct hypotheses on h and ¢, which we assume as smooth
as we need to carry out the calculations.

e First we need a lemma that reduces the problem to the case g = 0.
Denote by wy, the solution of the problem

(5) { Wy — Aw =0, z€R3, t>0,
w(x,0) =0, wi(x,0)=h(x), =z€eR3
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Lemma 1. Denote by wy, the solution of the problem (5). Let w, € C3, then
v = Orw, solves the problem

{wtt—CQAw—O, z€R3 t>0,
w(z,0) =g, wi(x,0)=0, =zeR>

Therefore the solution to the problem

{utt—c2Au:0, zr€eR3, t>0,
u(z,0) =g, u(0,t)=h, xR
is given by
0
(6) u(z,t) = —wq(z,t) + wp(z,t).

ot

Proof. Let v = Oywy. Differentiating the wave equation with respect to ¢t we have
0 = 0y (Opw,y — P Aw,) = (Opwy — A)pwy = vy — 2 Av.
Moreover,

v(x,0) = dywy(2,0) = g(x), wvi(z,0) = Ouwy(x,0) = C2Awg(x, 0) =0. O

e The lemma shows that, once the solution of (5) is determined, the solution of
the complete problem (4) is given by (6).

e Therefore, we focus on the solution of (2), first with a special h, given by the
three-dimensional Dirac measure at y, d(x —y).

® For example, in the case of sound waves, this initial data models a sudden change
of the air density, concentrated at a point y.

— If w represents the density variation with respect to a static atmosphere, then
w solves the problem

2 3
wyr — c*Aw = 0, reR’ t>0,
(7) {

w(x,0) =0, wi(x,0)=0dx—-y), xecR>

e The solution of (7), which we denote by K(x,y,t), is called fundamental so-
lution of the three-dimensional wave equation.

— To solve (7), we use the heat equation, approximating the Dirac measure with
the fundamental solution of the three-dimensional diffusion equation.

— Indeed, we know that

1 D
I'(x—y,e) = (der T GXP<—%) —d(x—y), ase—0.



— Denote by w, the solution of

{wtt—CQszo, zeR3 t>0,
w(x,0) =0, wi(x,0)=T(x—y,e), xR

— Since I'(x — y, ¢) is radially symmetric with pole at y,

we expect that w. shares the same type of symmetry

and is a spherical wave of the form w, = w.(r,t), r = |x — y|.

Thus, we write

(8) we(r,t) =
The initial conditions require
F(r)+G(r)=0 and c(F'(r)—G'(r)) =r[(r,e)

F(r+ct) n G(r — ct)
r ro

i.e.

rI(r,e)

- _ ) — —
F=-G and G'(r) 50

Integrating the second relation yields

and finally

wa(rt) = — { ! eXp<_(T_Ct)2>_ 1 exp<_(7“+ct)2>}

4mer 4re 4e

Now observe that the function

~ 1 T2
F(T, E) = —4_7(6 exp —E

is the fundamental solution of the one-dimensional heat equation with =z = r
and t = €. Letting ¢ — 0 we find

1

we(r,t) — m[é(r —ct) = 6(r + ct)).

Since r + ¢t > 0 for every ¢t > 0, we deduce that §(r + c¢t) = 0 and therefore we
conclude that

d(r —ct)
) vty =S = px—y]
Thus, the fundamental solution is an outgoing travelling wave, initially con-
centrated at y and thereafter on

OBei(y) = {x: [x —y| = ct}.
The union of the surfaces 9B.+(y) is called the support of K and coincides with
the boundary of the forward space-time cone, with vertex at (y,0) and opening
6 = tan~!¢c, given by
Cyo=1(x1): [x—y|<ct, t>0}.

In other words, dCy o constitutes the range of influence of the point y.
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e The fact that the range of influence of the point y is only the boundary of the
forward cone and not the full cone has important consequences on the nature
of the disturbances governed by the three-dimensional wave equation.

e The most striking phenomenon is that a perturbation generated at time ¢t = 0 by

a point source placed at y is felt at the point x¢ only at the time ¢y = @

— This is known as strong Huygens’ principle and explains why sharp signals
are propagates from a point source.

e We will shortly see that this is not the case in two dimensions.

The Kirchhoff formula

e Using the fundamental solution, we may deduce a formula for the solution of (2)
with a general h. We may write

+oo
h(x) = / 5(x — y)h(y)dy,

looking at h(x) as a superposition of impulses §(x — y)h(y) located at y, of
strength h(y). Accordingly, the solution of (2) is given by the superposition of
the corresponding solution K(x,y,y)h(y), that is,

wn(x.t) = [ K(xy.0h)dy

[ d(x—yl—ct)
—/RB ————— My)dy

dmelx —y]|

- / S(r —ct) / h(o)dodr
0 4mer OB, (x)
1

= h(o)do.
47T02t /330t(x) (0) 7

where we have used the formula [ d(r — ct) f(r)dr = f(ct).
— Lemma 1 and the above intuitive argument lead to the following theorem:

Theorem 2 (Kirchhoff’s formula). Let g € C3(R?) and h € C?*(R?). Then

ol 1 1
1 =2 d h(o)d
(10) u(x,t) = 5 Lm?t /aBMx)g(U) U} t Irent /chxx) (o)do

is the unique solution u € C*(R? x [0, +00)) of problem (1).

Proof. Let 0 = x+ ctw, where w € 9B1(0), we have do = ¢*t?dw and we may write

1 t
t) = do = — tw)dw.
woet) = o | o= [ g e

Since g € C3(R?), this formula shows that w, satisfies the hypotheses of Lemma 1.



— Therefore, it is enough to check that

1 t
wp (X, t :—/ h(o)do = — h(x + ctw)dw.
( ) 47T62t OBt (x) ( ) 47 8B1(0) ( )
solves problem (2). We have
1 ct
(11)  Qwwp(x,t) = — h(x + ctw)dw + — Vh(x + ctw) - wdw.
4T JaB, (0) T JoB (0)

Thus
wp(x,0) =0 and Gwy(x,0) = h(x).

Moreover, by Gauss’ formula, we may write

ct 1
Vh(x + ctw) - wdw = Tme /88a(x) Oyh(o)do

1
= Ah(y)d
47TCt /Bct (x) (y) y

1 ct
= / / Ah(o)dodr,
4mct 0 B, (x)

4T JaB, (0)

whence, from (11),

1
Oprwp (%, 1) 2% /BB o Vh(x + ctw) - wdw — s /B ( )Ah(y)dy
1 ct(X
L Ah(o)do
47Tt 8Bct(x)
! Ah(o)do.

_m OBt (x)
On the other hand,

t 1
Awp(x,1) = — Ah(x + ctw)dw = —— Ah(o)d
wa(%,1) dr /aBl(o) (4 etw)dw et /cht(X) (7)do

and therefore Oy wy, — 2Awy, =0. O
Corollary. Let g € C3(R3) and h € C*(R3). Then

1

/ [g(0) +Vg(0o) - (6 —x) + th(o)|do
OBt (x)

is the unique solution u € C*(R? x [0, +00)) of problem (4).

e The presence of the gradient of g in (12) suggests that, unlike the one-dimensional
case, the solution © may be more irregular than the data.



Indeed, if g € C*(R3) and h € C*~1(R?), k > 2, then we can only guarantee
that w € C*~1 and u; € C*=2 at a later time.

Formula (12) makes perfect sense also for g € C1(R3) and h bounded.

Clearly, under these weaker hypotheses, (12) satisfies the wave equation in an
appropriate generalized sense.

According to (12), u(x,t) depends on the data g and h only on the surface
0B (x), which therefore coincides with the domain of dependence for (x,t).
Assume that the support of g and h is the compact set D.
Then u(x,t) # 0 only for

tmin <t < tmaxa

where tmin and tmax are the first and the last time ¢ such that D NIB.(x) # 0.
In other words, a disturbance, initially localized inside D, starts affecting the
point x at time t,i,, and ceases to affect it after time #,.x.

Fix ¢ and consider the union of all the spheres 0B..(§) as £ varies on 0D.

The envelope of these surfaces constitutes the wave front and bounds the sup-
port of u, which spreads at speed c.



Another Approach: Spherical Mean Values
Definition. Given f = f(x) € C%(R"), the function

(13) v=w(x,r)=M(x,7;f) = i/ fx+r&)do(€), (x,7) € R" xR,
|€l=1

Wn
is denoted as the spherical integral mean-value of f over the sphere

OBy, (x) = {y €B": |y —x| = |r]}.

Theorem 3 (F. John). Given f = f(x) € C*(R") with k > 2, the function
v = v(x,7) = M(x,7;f) : R® — R belongs to C¥(R" x R), and the following
statements hold true:

(a) v(x,0) = f(x), for all x € R,

(b) v(x,—r) =v(x,r), for all x € R", r € R,

(c) Zv(x,0) =0, for all x € R,

(d) %U(x, r) + "T_lgv(x, r) — Axv(x,7) =0 in R™ x (R \ {0}).

We call the equation in (d) Darboux’s differential equation.

Proof. (a) From (13) we infer v € C¥(R™ x R) and

v(x,0) = L f(x)do(§) = f(x) ¥xeR"™

Wn Jg|=1

Also (13) implies (b) and (b) implies (c).
(d)

gv(x,r) :i/ Vix+rw) - wdw
or 0B1(0)

Wn

=3
= o, f(o)do
W™t JoB. () (@)

1
= / Af(y)dy, by the Gauss theorem,
B, (x)

wprn—1

1 T
— / / Af(o)dods,
WnT 0 JOB.(x)

whence,




because

Ay f(y)do(y) =Ax f(x—x¢+y)do(y)
OB, (x) OB, (x0)

:/ Ancf(x — x0 + y)do(y)
8B, (x0)

= / Af(y)do(y). O
9B, (x)

e Specialize Theorem 3 to the case n = 3. The function
v(x,r) = M(x,7:h), (x,7) € R® x (R\ {0})
satisfies Darboux’s differential equation

0 =vpr(x,7) + gvr(x, r) — Axv(x, 1)
r

:%(rv(x, 7))rr — Axv(x, 7).

Hence the function rv(x,r) satisfies
[TU(Xv T)]’I‘T‘ - Ax[T'U(X, 'f')] = 0, (X, ’f‘) € RB x R.

We now consider the function

W 8) = Seto(x, et)] = to(x, o) = 4i / h(x + cté)do(€)
c T
|€l=1
with (x,t) € R3 x R. It fulfills the wave equation
82
ww(x, t) — AAP(x,t) =0 inR*xR

and is subject to the initial conditions

¥(x,0) =0, %w(x,O) =v(x,0) = h(x) VxeR>

e To solve the Cauchy problem

(14) { U — FAu =0 in R® xR

u(x,0) = g(x), w(x,0) = h(x), x € R3.

we observe that the function

Xxt) = th(xetig) = = [ glx-+ ct€)do(e)
|€1=1



also satisfies the wave equation

2
%X(Xv t) — AAx(x,t) =0 inR®*xR

Furthermore, we have y € C?(R3 x R). Then we consider the function

0
t) = — t).
px,t) = 3 x(x,1)
The function ¢ also satisfies the wave equation and we have the initial conditions

p(x,0) = M(x,0;9) = g(x),
2( 0)—‘9—2( 0) = ®Axx(x,0) =0, VzeR?
8t90 X7 - 8t2XX7 =c XX X7 - ) X M
e We thus obtain a solution of the problem (14)

u(x,t) =p(x,t) + (%, 1)

0
=5 {tM(x, ct; g)} + tM(x, ct; h),

in which

0 0
S { M ctig)} =M(x,ctig) + o M(x,ctig)

:i / g(x+ct§)d0(§)+£%{ / g(x+ct€)d0(§)}

|€l=1 |€l=1

zi{ / 9(x -+ ct€) + ctVg(x + ct€) - € o (€).
[€]=1

With the aid of the substitution
y=x+ctl, do(y)=ct*do(§)
we deduce the following identity for all (x,t) € R3 x R,

1

ulx,t) = 4drc2t?

{ / 9(y) +Vg(y) - (y —x) + th(Y)}dU(y)-

|x—y|=ct
Theorem 4 (Kirchhoff’s formula). Let g € C3(R?) and h € C*(R?). Then

(15)
o[ 1 1

) =g | [ o)+ [ haoty

! / [9(y) + Vg(y) - (y —x) + th(y)ldo(y)
OBct(x)

“4nct?

is the unique solution u € C%(R?® x [0, +00)) of problem (14).
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Cauchy Problem in dimension 2

e The solution of the Cauchy problem in two dimensions can be obtained from
Kirchhoff’s formula, using the so-called Hadamard’s method of descend.

e Consider first the problem

(16) { wug — c2Au =0, xeR? t>0,

u(x,0) =0, wu(x,0)=h(x), x¢eR%L

The key idea is to “immerse” the two-dimensional problem (16) in a three-
dimensional setting.

— More precisely, write points in R3 as (x,z3) and set h(x,z3) = h(x).
The solution U of the three-dimensional problem is given by Kirchhoff’s formula

1
17 U t) = —5 h(o)do.
(17) (x,23,1) = —, /8 I (0)do

Claim: since h does not depend on x3, U is also independent of x3,
and therefore the solution of (16) is given by (17) with, say, z3 = 0.

— To prove the claim, note that the spherical surface 0B.;(x, x3) is a union of the
two hemispheres whose equations are

2

ys = Fi(y1,y2) = x5 £ /2t —r2,  where r* = (y1 — x1)2 + (y2 — .IQ)Q.

On both hemispheres we have

do =+/1+ |VFy|?dy1dy2

r2

ct
=y 22 —r2 dyrdyz = mdyldm

so that we may write (dy = dy1dy2)

U(x,z3,t) = L/ hy)
) ) 2re But(x) c2t2 — |X -y 2

and U is independent of x3 as claimed.
e From the above calculations and recalling the uniqueness of the solution to the
Cauchy problem, we deduce the following theorem.

Theorem 5 (Poisson’s formula). Let g € C3(R?) and h € C?(R?). Then

u(x,t)zi{g</ 9(y) dy> +/ hy) dy}.
2me L0t \Jp,,x) /P12 — [x — y]? Bu(x) V22— |x —y|?

is the unique solution in C*(R? x [0, +00)) of the problem

{utt—CQAu—O, xeR? t>0,
u(x,0) = g(x), u(x,0)=h(x), xeR%
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e Also Poisson’s formula can be written in a somewhat more explicit form.
Indeed, letting y — x = ctz, we have

dy = t?dz, |x —y|* = At*|z|?

/ 9(y) dy = Ct/ gx +ctz)
Bui(x) /€22 — [x — y|? Bi(0) /1 —|z?

o0
_/ 9(y) dy
It /B (x) /P2 =[x — y]?

:c/ g(x + ctz) 7+ 02t/ Vg(x + ctz) - z,.
BI(O) Bl(O)

1|2 NSEE

whence

Then

and going back to the original variables, we obtain

_ b / g9(y) + Vy(y) - (y —x) + th(y)
27TCt Bct(x)

u(x, t)
PP —x—yP
e Poisson’s formula displays an important difference with respect to its three-
dimensional analogue, Kirchhoff’s formula.
— In fact the domain of dependence for the point (x,t) is given by the full
circle
Bu(x) ={y: |x—y| < ct}.

— This entails that a disturbance, initially localized at &, starts affecting the point
X at time tpin = |x —£|/c.
However, this effect does not vanish for ¢ > t,,;,, since £ still belongs to the
disk B.:(x) after tmin.

— It is the phenomenon one way observe by placing a cork on still water and
dropping a stone not too far away.

- The cock remains undisturbed until it is reached by the wave front but its oscil-
lations persist thereafter.

— Thus, sharp signals do not exist in dimensions two and the strong Huygens
principle does not hold.

e An examination of Poisson’s formula reveals the following.

Proposition. The fundamental solution for the two dimensional wave equation is
given by

1 Hct—r)
2me /22— 2
where r = |x —y| and H is the Heaviside function. For 'y fixed, its support is the
full forward space-time cone, with vertex at (y,0) and opening 6 = tan™! ¢, given

by

K(x,y,t)

Cyo={(x1):[x—y[<ct, t>0}
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Nonhomogeneous Equation. Retarded potential.

e Consider the nonhomogeneous problem

{utt—c2Au=f(x,t), x€R3, t>0,
w(x,0) =0, w(x,0)=0, xeR3.

Assume that f € C?(R? x [0, +00)).
Step (i) Consider the homogeneous Cauchy problem
{wtt—czszo, x€ER3 t>0

w(x,s;8) =0, wi(x,s;s)=f(x,s), xeR.

(18)

— Since the wave equation is invariant under time translations, the solution of (19)
is given by Kirchhoff’s formula with ¢ replaced by ¢t — s:

1
t' = d .
wl, ) dme?(t — s) /BBC(ts)(X) (oo

Step (ii) Integrating w over (0,t) with respect to s, then

‘ 11
(19) u(x,t) = / w(x,t;s)ds = —/ —/ f(o,8)dods
0 Are? Jo (t=5) Job, )

is the unique solution u € C%(R3) x [0, 4+00) of (18).

Remark. Formula (19) shows that the value of u at the point (x,t) depends on
the values of f in the full backward cone

Cxi={(z,8):|z—x| <c(t—3s), 0<s <t}

Note that (19) can be written in the form

1 1 -
u(x,t>=—/ Fly - B gy
I S0 = Y] ”

which is the so called retarded potential. Indeed, u(x,t) depends on the values
of the source f(y) at the earlier times

Ix —y|
—

t=t—

e The solution of the two-dimensional non-homogeneous Cauchy problem with zero
initial data

{utt—czAu—f(x,t), xeR? t>0,
w(x,0) =0, wu(x,0)=0, z¢€R?
is given by

1 t/ 1
u(x,t) = — ,8)dyds.
G ) MTA Bmﬂw>¢&@—$2—k—yPﬂy Jay




