Hopf-Lax Formula

Lemma 1. Suppose that for each x € R",

L(x,q)

1 lim =00

M % " al

Then

(2) sup {p-q— L(x,q)} < o

qeR™

and 3q* € R™ such that

sup{p-q— L(x,q)} =p-q" — L(x,q%).
qeR™

Proof. Fixing p, by (1), there exists a constant A such that

L(x,q) > (|p| + 1)lq|, if |q] > A.

Consequently, if |q| > A,

pP-q- L(x,q9) < —|q]

and hence

p-q-L(x,q) < -L(x,0) =p-q— L(x,q) o’

if |q] > C = max(A, —L(x,0)). Hence

sup{p-q— L(x,q)} = max {p-q-— L(x,q)}.
qER™ q€Bc(0)

The continuity of L then yields the existence of q*. O
Lemma 2. Suppose that L € C! such that for each x € R" (1) is satisfied and

q+— L(x,q) Iis convex

then the Legendre transformation of L is

L*(x,p) := S;lﬂgn{p ‘q-L(x,q)} (peR").

Proof. Suppose q* ia a maximum point of the mapping q — p - q — L(x,q*)
provided by Lemma 1. Then g* being a critical point of this mapping, we have

p = DqL(Xa q*)v

and

q" =q(x,p).

Thus

;eungz{p q— L(X7 q)} = DCIL(X7 q(X7 p)) : _L(X7 q(x, p));

the right hand side is exactly the definition of the Legendre transformation of L. [J

Thus, if L is convex in q and satisfies (1), we define the Legendre transform of
L to be L*(x,p) = sup{p-q— L(x,q)} and the Hamiltonian associated with
qeRn

L is

(3) H(x,p) = L7(x,p) = sup {p-a - Lix,q)}.

This tells us how, under the convexity assumption and (1), to obtain H from L.

Now we ask the converse question: “given H, how do we obtain L?”

Typeset by AMS-TEX



2

Theorem. Suppose L is convex, satisfies (1) and H is defined by (3). Then for
each x € R,
(i) p— H(x,p) is convex, with

H(x,p) _
lpj—co D]
(ii) Furthermore,
(4) L(x,q) = H*(x,q) = sup {p-a-H(x,p)}
peR”

Proof. (i) For each fixed x and q, the function
p—p-a-L(xq)
is linear, and so the mapping

p— H(x,p) = L*(x,p) = sup {p-a—-L(x,9)}
qe n

is convex. Moreover, fix A > 0. Then

H(x,p) = sup {p-q - L(x,q)}
qeR”
2)\|p| - L(X, Aﬁ); Choosing q= )\£

Ip|’

>\lp| — L .
>A|p| x| (x,9)

By the continuity of L, maxqep, (0) L(X, q) is bounded. Hence, we obtain
lim inf M >N, VA>0.
pl—oc [P
(ii) In view of (3),
H(x,p) + L(x,q) >p-q, VYp,q€R",
and consequently

L(x,q) > sup {p-q— H(x,p)} = H"(x,q).
peRn
On the other hand
H*(x,q) = L™(x,p) = sup {p-a—-L"(x,p)}
pe n

= sup {p-q— sup{p-l‘—L(Xar)}}

pER™ reR»

(5) =sup inf {p-(q—r)+ L(x,r)}
pER™ reRn

= inf sup{p-(q—r)+L(xr)}
reR” pER™

Now since q — L(x, q) is convex, there exists s € R™ such that
L(x,r) > L(x,q)+s-(r—q) VreR™
(if L is differentiable at q, take s = DqL(x,q).) Taking p =s in (5), we compute
H*(x,q) > Wf {s-(q—r)+L(x1r)} > Lixq). O



Hopf’s formula

e Return to the Hamilton-Jacobi equation u; + H (x, Du) = 0.
Suppose H satisfies the following conditions for each x € R™:
H(|x,|p)
P
According to Theorem 1, L(x,q) = H*(x,q) = sup,cg-{P-q—H(x,p)} satisfies
similar hypotheses.

(i) p— H(x,p) is convex, and (ii) lim|p| o0 = 00.

e Recall now that the calculus of variations problem with Lagrangian L led to
Hamilton’s ODE for the associated Hamiltonian H.

— Since these ODE are in turn the characteristic equations of the Hamilton-Jacobi
PDE, we are led to conjecture that there is a direct connection between
the PDE and the calculus of variations problem.

e So if x € R™ and ¢t > 0 be given, we should presumably try to minimize the
action

/ L(w(s),w(s))ds
0

over functions w : [0, ] — R™ satisfying w(¢) = x.

— But what should we take for w(0)?
As we must somehow take into account the initial condition for our PDE, let us
try to modify the action to include the function g evaluated at w(0):

/0 L(w(s),w(s))ds + g(w(0)).

— We follow up on this by guessing that a solution of (1), (2) should be given by
the formula

6)  u(x1) = inf{ / L(w(s),w(s))ds + g(y)|w(0) = y, w(t) = x}.

the infimum taken over all points y € R™ and all piecewise smooth functions
w(s) with w(0) =y, w(t) = x.

e To simplify further, let us suppose that H, and thus L, do not depend on x. We
are therefore assuming that

H(p)

(7) H is convex and ——= — 0o as |p| — oo..

Ip|
Then
L(q) = H*(q) = Sélﬂgl{p -q— H(p)}

has the same properties. For this situation, formula (6) becomes

(8) u(x,t) = inf{/o L(w(s))ds + g(y)|w(0) =y, w(t) =x}.
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e We propose now to investigate the sense in which u so defined actually
solves the Hamilton-Jacobi PDE

{ us + H(ux) =0 in R x (0, +00),
u=g on R™ x {t = 0}.

(9)
We henceforth assume also that
(10) g:R" = R is Lipschitz;

this means that

Lip(g) := sup {M} < 0.
x7ye]R" |X - yl
XAy

e First we note that formula (8) can be further simplified:

Theorem. Ifx € R"™ andt > 0, then
. X—-Yy
11 t) = tL| —— .
(11) u(x,t) yrrelﬁg{ ( " ) + g(y)}
We call the expression on the right hand side of (10) the Hopf-Lax formula.

Remark. We can rewrite (11) as

u(x,t) = ;relﬁgr}l irel%zg{z (x—y)—tH(z) +g9(y)}

Note that for each fixed y,z, the linear function
(x,t) =z (x—y) —tH(z) + g(y)

solves the PDE in (9). Thus Hopf’s formula builds a solution of (9) by taking
appropriate “envelope” of such functions using minima and maxima.

Proof. (i) Fix any y € R™ and define
w(s) ::y—l—;(x—y), 0<s<t

Then

The definition (8) of u implies

t

u(x,t) < yiélﬂgn{w(¥> + g(y)}.

et < [ (s + o) = 12X ) ),

and so
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(ii) On the other hand, if w(s) is any C* function satisfying w(t) = x, we have, by

(iii)

Jensen’s inequality

L(% /Otv'v(s)ds> < %/OtL(v'v(s))ds.

Thus if we write y = x(0), we find

w () vom < [ " Lw(s))ds + gly),

t
and hence
inf $tL( 22X ) 4+ g(y) b < u(x,t)
yeRn ; a\y)c = yU)-
We have so far shown that
_ X~y
(12) u(x,t) = ylenﬂgn{tL< ; > + g(y)}.

In order to show that the infimum is really a minimum, observe first that our
setting y = x in the expression on the right hand side of (12) gives the estimate

(13) u(x,t) < tL(0) + g(x).
Now since I
lim _(q) =00
lal—cc |q

there exists a constant A such that

L(a) = 2(Lip(g) + 1)|a| if [q] = A.
Consequently, if |[x —y| > tA,
X—y .
i (Z72) + oty) 22(Lipta) + Dlx - 31+ 9(3)

>(Lip(g) +2)[x — y| + g(x)
>

(Lip(g) + 2)[x — y| = tL(0) + u(x, 1),

Thus

(X5 ) o) 2 utx

if |x —y| > tB, for
B = max [A, &} .

Hence (12) becomes

u(x,t) = min {tL<X;y>+g(y)}. O

yEB:p(x)




6

e We now commence a study of the various properties of the function u defined
by Hopf’s formula.

Lemma 3. The function u satisfies
(14) lu(x,t) — u(X,t)] < Lip(g)[x — x|, Vt>0,x,%x€R",

and
u=g onR"x {t=0}.

Proof. (i) Fixt > 0, x,X € R™. Choose y € R" such that
tL(¥> +g(y) = u(x, t).

Then

W, 1) — u(x, ) _mf{u:<i . Z> + g(z)} - tL(X - y) ()

z

<X —-x+y)—g(y)
<Lip(g)[x — x|.

Interchanging the roles of X and x, we establish (14).
(i) Now select x € R™, t > 0. Setting y = x in the expression on the right hand
side of (12) gives the estimate

(15) u(x,t) < tL(0) + g(x).

Furthermore
u(x,t) — g(x) = min {tL(?) +gly) — g(x)}
= min {—Lip(g)lx —yl+ tL(?) }

yE]R”
. . X=-Yy
= —tmax{Lip(g)|z| — L(z)}, settingz=——=
zER™ t

=—t max max{w -z — L(z
WEBLip(g) (0) ZGR"{ (2)}

=—t max H(w).
WEBLip(g)(0)

This inequality and (15) imply |u(x,t) — g(x)| < Ct for

16 C =max(L(0), max H). O
(16) (L(0) B )



Lemma 4. Foreachx € R" and 0 < s < t,

(17) u(x,t) = min{(t—s)L(X_y> —I—u(y,s)}.

yeR”

Proof. (i) Claim: Vy € R", u(x,t) < (t — s)L(3=2) + u(y, s).
Indeed, fix ¢ > 0, x € R™. Choose arbitrarily y € R" Then for some z € R™,

utyos) =2 (Y2 ) 4 gla)

= ux ) = uty,s) <i2(52) +o@)] - [s£(252) +at0)
(18) _tL<X;Z)—sL<y;Z).

Now since L is convex and

X—Z S\X — Sy — %
=D

t t—s t s

t

L(X;Z> < (1—§)L(’;::> +§L(ygz).

Substituting this into (18), we obtain

u(x,t) — uly, ) < (t - s>L<X‘y).

t—s

we have

Therefore

u(x,t) < min{ (t—1s) (
yeR”
(ii) Claim: Jy € R™, u(x,t) > (t — s)L(3=
For this, select w € R™ such that

‘<H—

X =W

u(x,t):tL( " >+g(w).
bt = utyes) 2L (X 4 g6a)] - [s2 (1) 4w

(19) —tL<X_tW>—sL y_SW), Yy and Vs < t.

On the other hand, if we set y = $x+ (1 — £)w, then X=¥ = X=W — Y=W 4pq

hence tL<x;w>_ L<ysw>=(t—S)L(j:z’>.

Substituting this into (19), we obtain

u(x, t) 2tL(X - W) - sL(y - W) +uly,s)

gyxgﬁ?n{(t—s)L(’;:Z) +u(y,s)}. O
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Lemma 5. The function u is Lipschitz on R™ X [0, 00).

Proof. By (14),

(20) Lip(u(-, 7)) < Lip(g)-

Hence it only remains to claim:

(21) VxeR™0<t<t|u(xt)—ux,t) <Clt—t], forsome constant C.

For this, select x € R", 0 < £ < t. Setting y = x in the expression on the right
hand side of (17) gives the estimate

u(x,t) < tL(0) + u(x,t).

On the other hand, by (14) Consequently, (17), (20) and calculations like those
employed in the proof of Lemma 3 gives

u(x,t) — u(x,7) = min {tL(X—;y) +uly,T) - u(x,z)}

yER™
. . X—Yy
> —L - tL| ——
—ynéﬁé%{ ip(g)}x —y| + < ; )}
=—t max H(w).
weBLip(g) (0)

Hence (21) holds for the constant C defined by (16). O

e Now Rademacher’s Theorem asserts that a Lipschitz function is differentiable
almost everywhere.
Consequently in view of Lemma 4 our function u defined by Hopf’s formula (11)
is differentiable a.e.

e The next theorem asserts that u in fact solves the Hamilton-Jacobi equation a.e.

Theorem 5. Suppose x € R", ¢t > 0, and u is differentiable at (x,t). Then

ue(x,t) + H(Du(x,t)) = 0.

Proof. (i) Claim: Vq € R", u:(x,t) + q - Du(x,t) — L(q) < 0.
Indeed, fix q € R™®, h > 0. Then by Lemma 4,

uw(x + hq,t+ h) = inf {hL(w> + u(y, t)}
yeER™ h

<hL(q) + u(x,1).

Hence
u(x + hqg,t+ h) —u(x,1)

” < L(q).




Letting h — 07, we obtain
us(x,t) + q - Du(x,t) < L(q).
This inequality is valid for all @ € R™ and so

us(x,t) + H(Du(x,t)) = us(x,t) + Sélﬂgz{q. Du(x,t) — L(q)} <0.

(ii) Claim: Jq € R" s.t. w(x,t) + q- Du(x,t) — L(q)} > 0.
For this, select z € R™ such that

X —Z

u(x,t) = tL< > + g(2),

and for h > 0, set

s=t—nh, and y:?x—l—(l——)z.

t

Then

X-y X—-2z y-—z

t—s t s
Consequently,

)~ utyes) 202 (572) ) - [s1.(Y2) 4 900
X—z
=(t—s)L ;

- (X7);

that is,

u(x,t) —U((X;h(xlz),t— h) > L(X;z>.

Letting h — 0%, we obtain

u(x,t) + X;Z - Du(x,t) 2L<X;Z).

Consequently

ur(x,6) + H(Du(x, 1)) = un(x,1) + max{a- Dux, 1) - L()}

zut(x,t)—i—?'DU(th)_L<X;Z>ZO- ]

Corollary 6. The function u defined by Hopf’s formula (11) is differentiable a.e.
in R™ x (0,00), and solves the initial value problem for Hamilton-Jacobi PDE

{ us + H(ux) =0 in R™ x (0, +00),
u=g on R™ x {t = 0}.



