Sobolev’s Inequality, Poincaré Inequality and Compactness
I. Sobolev inequality and Sobolev Embeddig Theorems

Theorem 1 (Sobolev’s embedding theorem). Given the bounded, open set
QCR" withn >3 and 1 < p <n, then

WP (Q) C L7 (Q)

and Wy (Q) is continuously embedded in the space L75 (). This means that the
following estimate

(1) 171225 ) < CIDSllLny,  VF € WoP(9).

holds true with a constant C = C(n,p) € (0,+00); here we denote the weak gradient
by Df = (D f,-- , Dn f) € LP(Q) x -+ x LP(Q).

Proof (L. Nirenberg). (i) It suffices to prove the inequality (1) for all f € C§°(©2). In
this context we need the generalized Holder inequality, namely, if f; € LPi(Q),
j=1,---,m, such that pl_1 + -+ p,! =1, then there holds

(2) ; fi(@) - fm(x)de < || fillLev @) - | fmllLom )

which can be easily deduced from Holder’s inequality by induction.
(ii) At first, we deduce the estimate (1) in the case p = 1.
Noting that f € C5°(£2), we have the following representation for all x € R™:

x4
:/ Deif(xlv"' ,I’i,l,t,l’i+1,"' ;In)dt
— 00

This implies

sl [ oeslas [ Do slds,

—0o0 —0o0
1
n—1

@)= < < 1/ 0o
11/

We integrate this inequality succeesively with respect to the variables x4, - - - , x,,
using each time the generalized Holder inequality with p; = -+ =pp, =n —1
and m=n— 1.
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< (/_Z |Delf|dxi) A ( I /_OO |D€if|d:vz-)”lldw1
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and consequently
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A similar integration over the variables zo, - - , z, yields

n—1

[ i< (1] 10 ) ™

and finally

T s( T/ 10 d)
11/,
(3) S/Q<;|Dif)dx

1 1
g%/gmﬂdx:ﬁnwuh vf € G ().

(iii) We now consider the case 1 < p < n.
— Here we inser |f|Y with v > 1 into (3) and obtain the following relation with the
aid of Holder’s inequality and the condition p~! + ¢~ ! = 1:

A7) <= [ DI |ao
- / DS |dx

Y _
<=l i DF N,

and consequently

Y -1
113 < = AN 1y DSl

Choosing
_=Vp _np—p
n—p n—p’
we infer “n np
= — 1 =
=0 Di=— —

Finally, we arrive at

v oo
I1fll 22, < %HDfllp, vf e G5 ().
: _ np—n
with the constant C' = Tn—p)"
(iv) If now u € WyP(€), we approximate u in WP-norm by C§° functions w,,, and
apply (1) to the difference uy — ty,. It follows that {u,,} is a Cauchy sequence
in L#~7. Thus u itself is contained in the same space and satisfies (1). O
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Corollary. If kp < n, the Sobolev space Wok’p(Q) is continuously embedded in

L+ % (Q). That is, there exists a number C' depending only on k, p and n such
that

np
"7 (Q)

(4) lull e < Cllullyngy: VF € WP ().

Proof. Suppose kp < n and u € Wéc’p(Q). Let p* = "—pp Then, since D%u € LP(Q)

n—

for all |a| < k, the Sobolev inequality implies
HDQUHLP*(Q) < Cllullwery, if B <k—1,

and hence u € WHE=1P7(Q).
- Similarly, we find u € W*=2?""(Q), where

1 1
p :—*——:
P n

and
DY ull poe= () < Cllullyrer ), i 7] <k =2,

- Proceeding thusly, we finally obtain, after k steps, that (4) holds and u €
wo4(Q) = L), for
1

S_I?r

q

bR

e Equipped with the extension operator E, we extend the embedding theorem
from the Sobolev spaces Wé“’p(Q) to the spaces WP (Q), if Q is a C*-domain.
~ Namely, if u € W*P(Q), we consider Eu € WFP(V), for some domain €/

containing €2, which then is contained in L7 (€), if kp < n.

And hence u € L7 (), by restriction from Q' to .

Since Bu = u on Q and [|Eullyrrqy < cllul|werq) depending on €, we have
thus proved the following version of the Sobolev embedding theorem:

Sobolev Embedding Theorem*. Let Q C R" be a bounded C*-domain. If
kp < n, the Sobolev space W*P(Q) is continuously embedded in L7 (). That
is, there exists a number C depending only on k, p, n and §2 such that

Il o < Cllulwsey, Y€ WHo(S).
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II. Poincaré Inegqiality.

Poincaré Inequalities. Let 2 C R™ be a bounded domain. There exists a posi-
tive constant C,, such that, for every u € W' (),

(4) llull ey < Cr||VullLr)-
Proof. First we prove the formula for v € C§°(Q); then, if u € W, ?(Q), select a
sequence {ug} C C§°(Q2) converging to u in WP-norm as k — oo, i.e.
vk = vllLo) — 0, [[Vog = Vol rr) — 0
In particular
||Uk||LP(Q) - HUHLT’(Q)u vak”LP(Q) — HV'UHLP(Q)-

Since (4) holds for every vy, we have

lvkllr ) < CPIIVUkllLr (o)

Letting k — oo, we obtain (4) for u. Thus, it is enough to prove (4) for u € C§°(2).
e To this purpose, from the divergence theorem, we may write

(5) / div (vPx) dx = 0, / div (vPx) dx = 0.
QN{v>0} QN{v<0}

since v = 0 on 0f). Now
div (v*x) = pvVu - x + no?
so that (5) yields

/ vde:—B/ P IVo - x dx,
Qn{v>0} n Jaon{v>0}

/ vdeZ—B/ WPV - xdx.
QN{v<0} n Jaon{v<o0}

Since €2 is bounded, we have max |x| = M < oo; therefore, using the Schwartz’s
pdS

inequality, we get

/ P dx = B/ WPV - xdx
Qn{v>0} n Jan{v>0}

1/q 1/p
<M (/ |vp-1|de> (/ |Vv|”>
n Qn{v>0} Qn{v>0}

1/q
pM
_pM ( / |v|pdx> 190 Loangoson-
n QN{v>0}

Analogous estimate can be drived for the integral over Q N {v < 0}. From this
it follows (4) with Cp = pM/n. O

Inequality (4) implies that in W, *(2), the norm |ully 1. is equivalent to ||V||».
Indeed,
lullwes = (lullZe + IVullZ) M2,
and from (4)
IVullr < llullwrs < (Cp +1)Y7(1Vu]| .



ITI. Compactness Theorem of Rellich and Kondrachov

We call the Banach space (81, ] - ||1) is compactly embedded into the Banach
space (Ba, || - ||2) if the injective mapping I; : B1 — Bo is compact; this means
that bounded sets in B, are mapped onto precompact sets in Bs.

Compactness Theorem of Rellich and Kondrachov.
Let Q2 denote a bounded, domain in R™.

(i.1) Let 1 < p < n. Then for all 1 < q < &, WyP(Q) is compactly em-
bedded into L(SY). This means for each sequence {fy}r=12.. C WyP(Q) with
| fllwiry < s € [0,00) we can select a subsequence {fx,}¢=1,2,... and element
f € L1(Q) satisfying limy—. || fx, — f|| = 0.

(i.2) If Q is Lipschize, then WP(Q) is compactly embedded into L4(£2).

(ii.1) W, *(Q) is compactly embedded into L2(5).

(ii.2) If Q is Lipschize, then W2(Q) is compactly embedded into L%(52).

To prove (i.1) and (i.2), we shall use the following result.

Interpolation Inequality. If the exponents 1 < p < q < r fulfill

1 A 1-2)
=242 with A€ 0,1],
q p r

then

1Fllg < WFIRIAIRT VS € LT(Q).

Proof of Interpolation Inequality. Noting

() )

1/q
1l —( / |f|kq|f|<1-*>wx>
de% ng;%: AMFIIEA, O
§</Q|f| )(/Qm ) TG

Proof of (i.1). Step 1. We start with an arbitrary sequence {fi} with

we obtain

Il fllwrry < s€[0,00),

and make the transition to a sequence {gx}x=1,2,.. C C§°(€2) with the property

lgx — frllwir) <

> =

The latter satisfies the restriction

lgellwir) <1+s, VEeN.
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If we manage to select a subsequence {gi, } convergent in L!(2) from the sequence
{gx}, then the sequence {fy,} is convergent in L!(£2) as well; here we observe

c
gk — frllei) < cllgr — frllwir@) < o

Step 2. In order to show that the sequence { f,} converges even in the space L?(12)

with1 < ¢ < %, we apply the interpolation inequality by choosing A € (0,1) with

the property

—-p

np

The interpolation inequality and the Sobolev inequality yield the estimate
1l < WARNS g iy < IFIRCIDAI) Y, ¥ € WoP(9).

Therefore, we have

Loxsa-n”
q

1 fke = frmlla < Cllifie = fron |2 — 0, as £,m — oo

Step 3. It still remains to select a subsequence in L(£2) from the sequence

{or}r=1,2,... C C5°(9).

Therefore, we take an arbitrary € € (0,1) and consider the sequence of functions

Gk,e () := i/n p(I;y)gk(y)dy = /n p(z)ge(z — €z) € C5°(0),

E’ﬂ

where
O ={zeR": dist(z,Q) < 1}.

For each fixed e € (0, 1], the sequence of functions {gi } is uniformly bounded
and equicontinuous, since we have the following estimates for all z € O:

1 x — C
e < 2 [ o2 iy < S sup pte)
RTL

en € le|<1

1 r—y
Dp| —= d
ot [ oo (222 st

<= sup |Dp(2) / 191 (9) Iy
|2|<1 Rn

and

|Dgr.e(x)| <

sup [Dp(2)].

0
SE_:n-i—l
|z]<1

Step 4. For each ¢ > 0, the Arzeld-Ascoli theorem thus yields a subsequence

{gk,.} of the sequence {gi .} converging uniformly in the set (2.

- We now set ¢, = % with m € N. Using the Cantor’s diagonal procedure we
select a subsequence {gg, } of the sequence {gi} such that, for each fixed m € N,
the sequence {gx, ,, } converges uniformly in the set Q.



Step 5. We have the inequality

106(2) — gre(@)] < / L Plor(@) — aute — )l

€
<[ o) [ Do - 2)atd
|21<1 0
for all x € Q, which implies the estimate

(5) / lgk(2) — gre(x)|dx < 5/ |Dgi(x — tz)|dx < Cre, Vk eN.
Q Q
Choosing an arbitrary number € > 0, we obtain the relation

||91w1 = Gk, ||L1(Q)

(6)
<Gk, = Grey e lLr @) + 1 9ke, e = ey 12 @) + N Ghey o — Gie, 1 (0)
< (2Cy +|Q|)e, Vlq,¢5 > some constant £y(e).

Consequently, {gx, } represents a Cauchy sequence in L'(2) and hence possesses a
limit in L}(Q). O

Proof of (ii.1). (a) We again start with a sequence {fy} with || fx|lw1.2q) <
s € [0,00), and make the transition to a sequence {gx}x=1,2,... C C§°(2) with the
property ||gr — frllwi2(q) < £. Thus {gi} satisfies the restriction

lgellwizy <145, VkeN.

To prove Proposition 2, it suffices to select a subsequence {g, } convergent in L?()
from the sequence {gi}.
(b) For this purpose, we again take an arbitrary ¢ € (0,1) and consider the sequence
of functions

pe@)i= = [ p(%)gk@)dy — [ e € cre),
where
O = {z e R": dist(z,Q) < 1}.

As shown in Step 3 of the proof of Proposition 1, the sequence of functions
{9k, } is uniformly bounded and equicontinuous, for each fixed ¢ € (0, 1].
— Then, as in Step 4 of the proof of Proposition 1, the Arzeld-Ascoli theorem and

Cantor’s digonal process yield a s subsequence {gx,} of the sequence {gx} such
that, for each fixed m € N, the sequence {gy,,1/m} converges uniformly in the
set Q.

(c) To show that {gx,} convergent in L?(Q), the crucial step is to establish, analo-
gously to (5),

(7) l9x(2) = gr.c(@)[|22(0) < €l Dgrllz2(), Yk € N.



In fact, we have
2
1962) — gre(@) < < / _ plelnte) — onle - sz>|dz)
z|<1

<| [ ([ 10t~ tz>|dt)dzr,

for all x € Q, which implies the estimate

/Q lgk(2) — gkﬁs(x)|2dx < /Q |:/z<1 p(z) </0E |Dgy(x — tz)|dt) dzr dx
-/ JIRCERRIEIG ([ 10ate - i) dzr do
<( /. plata ) ( [ 02 Do) s

352/ |Dgy(z)|dz, Vk € N.
Q

Analogously to (6), we use the triangle inequality for L?-norm and (7) to con-

clude that {gg,} is a Cauchy sequence in L?(Q2) and hence possesses a limit in
L*(Q). O

Proof of (i.2) and (ii.2). If 1 < p < oo and {fx} is a bounded sequence in
WLP(Q), we consider E fy, € W, P(Q'), for some domain ' containing Q, i.e. Fu =
u on £ and

8)  NEfellwrry < cllfillwirq), for some constant ¢ depending on €.

By (8), the sequence {Ef;} is also bounded in WP ().

— Hence, if p < n, then (i) implies {Efi} contains a subsequence {E fy,} which
converges in L™/ ("=P)(Q)). Since Efy = fi. in ©Q, the sequence f, converges in
L/ (n=p)(Q).

— By (ii.1), {Efy} contains a subsequence { E fx, } which converges in L2()'). Since
Efr = fr in Q, the sequence fj, converges in L2(Q). O



IV. Poincaré Ineqiality: revisted.

e We have already proved that there exists a positive constant C, such that, for
every u € WP (),

(9) lullLr () < CplIVullLo(o)-

e On the other hand, (9) cannot hold if u = constant.

e Roughly speaking, the hypotheses that guarantee the validity of (9) require that
u vanishes in some “nontrivial set”. For instance, under each of the following
conditions, (9) holds:

(i) u e W&,’%’U (Q); i.e. u has zero trace on a nonempty relativly open subset
Ty C 09

(i) w € WH2(Q) and w = 0 on a set E C I' with positive measure |E| = a > 0;
(iii) w € WH2() and [, u =0, i.e. u has mean value zero in €.

Poincaré Inequality: revisted. Let Q be a bounded, Lipschitz domain. Assume
that u satisfies one of the hypotheses (i), (ii), (iii) above. Then, there exists Cp
such that (8) holds.

Proof. Assume that one of the hypotheses (i), (ii), (iii) holds. By contradiction
suppose (9) is not true. This means that Vj € N, Ju; satisfies the same hypothesis
such that
(10) llujlle ) > 3Vl e -
Normalize u; in LP(£2) by setting

wy=—d
R P
Then, from (10),

1
lwillpry =1 and |[Vw;|pr) < 7 <L

Thus {w;} is bounded in W1(Q) and by Rellich’s theorem there exists a sequence
{wj, } and w also satisfies the same hypothesis such that

w; — w strongly in LP(Q),

Vw; = Vw weakly in LP().
The continuity of the norm gives

wll ey = Jlggo wjllze) = 1.
On the other hand, the weak semicontinuity of the norm yields
[Vwllzro) < 11JIL1g)lf IVwjllze) =0

so that Vw = 0. Since 2 is connected, w is constant and since w satisfies one of
the hypotheses (i), (i), (iii), we infer w = 0, in contradiction to ||[w||Lr(q) = 1. O

Corollary. Ifue Wh?(Q), let

1
w/ﬂud:ﬂ:ug.

lu —uallLr) < Cp||VullLr)-

Then



