Holder Spaces

Definition. (i) If u: Q@ — R is bounded and continuous, we write
llullew) = sup |u(z)].
zelU

(ii) The ~-th Hélder seminorm of u : Q — R is

|u(z) — u(y)|
[ulgoq@ = sup —————,
Cov(Q) e |z —y|
T#Y
and the y-th Hélder norm is
l[ull oy = lullo + [ulcon @)

Definition. The Hélder space C*7(Q) consists of all functions u € C*(Q) for
which the norm

||u||ck,v(§) = Z HDa“Hc(ﬁ) + Z [u]cfm(ﬁ)
lo| <k lel=k

is finite.

The space C*7(Q) consists of those functions u which are k-times continuously
differentiable and whose k-th partial derivatives are bounded and Holder continuous
with exponent ~.

Theorem. The space of functions C*7(Q) is a Banach space.

Morrey’s inequality

Suppose n < p < co. We shall show that if u € WP (U), then u is in fact Holder
continuous after possibly redefined on a set of measure zero.

Lemma 1. There exists a constant C, depending only on n and r, such that

1

YV B@ o

D
lu(y) — u(z)dy < C/ |u7(y)_|ldy, Yu € CH(R™).
Bo() |V — 2|

Proof. Fix any point w € 0B1(0). Then if 0 < s < r,

fu( + sw) — u()| =

“d
/0 au(x + tw)dt‘

/Ospu(x+tw).wd4

S/ | Du(x + tw)]|dt.
0
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Hence

/ |u(z + sw) — u(x)|dw g/ / |Du(x + tw)|dwdt
9B, (0) 9B, (0)
/ / |Du(z + tw)| dwdt
8B1(0)

Let y = x + tw, so that t = | — y|. Then we have

D
[ s -ulaos [ P00,
8B1(0) B.(x) 1T —y|"

D
<[ dpuar,
&@Hx—m

/ lu(y) — u(z)|dy = / ne 1/ u(z + sw) — u(zr)|dwds
Br(z) 0B1(0
D
/ n— 1/ | ’lL 1d ds
) |z = yl"

D
=y |u<>|ldy -
n Jp. () |z =y

Proposition 2. Assume n < p < co. Then there exists a constant C, depending
only on p and n, such that

Then

sup |u| < Cllullwipmny, Yue CHR™).
]Rn

Proof. We have

()] [ Bs ()] = /B )l

() < /B ) ] dy + /B el

C |Du(y)| =
S_/B =yt IB@T el @),

Twﬂx—

by (1) and Holder’s inequality. Further, Holder’s inequality yields

(3) o
|Du(y)| 1 v
,waﬁ—ywjdy§|DMhmw) &@Hx—mnlpm’”@ < Cllullwrr.

since p > n implies (n — 1) 7 <n, so that fBl mdy < 0.
Substituting (3) into (2) completes the proof. D
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Theorem 3. Let Q be a bounded, open and C'-domain inR™. Assumen <p < o0
and u € WHP(Q). Then there exists a function u* € C°(Q), such that u = u* a.e.
and there holds, for a constant C' depending only on p, n and §2,

(4) sup [ul < Cllullwr ).

In other words, if n < p < oo, then WP(Q) is continuously embedded in C°(12).
Proposition 4. Assume n < p < co. Then there exists a constant C, depending

only on p and n, such that

lull s gy < Cllullwrrgeny,  Vu € CHR™),

Proof. Choose any two points z,y € R™ and write r = | — y|. Let W = B,(z) N
By (7). Then

(5)  [u(z)—uy)|W] = /W|u<x>—u<y>|dzs /B () —u(z)| d+ / () ()] d=.

r(2) B (y)

By (1) and Hélder’s inequality,

1 D
[ ) —uta <t [ 2,
By (x) nJp, (@ [T =yl
p—1

1 1 B
<~ Dull o) </Br(m) = Z|(n1)p/(p1)dz>

p—1
1 T (n=D1p R
(6) §E|Du||Lp(Rn)<wn /0 es p11>_<n_1>dT)

_pn-1) p-1

:C('f'n p—1 )T HDUHLP(R") = C'f‘li% HDUHLP(R")'

Likewise,
(7) / fu(y) — u(2)| d= < Cr'™ 3 | Dull o
BT(y)

Substituting (4) and (5) into (3), we obtain
u(z) = u(y)| < Cr'™ 7 | Dul| o@ny = Clz — y|'~ 7| Dul| Lo(an)-

Thus
{ lu(z) — u(y)|

) 2k} < ClDul o

[u] Co.1=(n/p)(R7) = sup
T#Y

This and (3) completes the proof. O
We finally arrive at the following.
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Theorem 5 (Morrey’s inequality). Let  be a bounded, open, C'-domain
in R". Assume n < p < oo and u € WHP(Q). Then there exists a function
uw* e C¥17p (Q), such that u = u* a.e. and there holds, for a constant C, depending
only on p, n and (Q,

ull o3 ) < Clullwroca)-

Proof. Since 9 € C*, there exists an extension Eu € W1P(R") such that

Eu=u in Q
(8) Eu has compact support, and
[Bullwre@ny < Cllullwre ).

Since Fu has compact support, there exists a sequence of functions u,, € C°(R"™)
such that

(9) Uy, — FBu in WHP(R™),
and
(10) Jumll g gy < Cllamlls ey

According to Theorem 4,

[um — wellcor-o/m@ny < Cllum — wellwrp@ny, VEm > 1;
hence, there exists a function u* € C%1~(/P)(R"™) such that
(11) Uy, — u* in COL=(/PI(RM),

In view of (9) and (11), we see that «* = u a.e. on €, i.e. u* is a version of u. This
and (9) yields

071l oa 5 gy < Cll Bl
which and (8) completes the proof. [

Sobolev Embedding Theorem**. Let Q C R™ be a bounded C*-domain. If
k > 2, the Sobolev space W*P(Q) is continuously embedded in C*~F1717(Q),

where
n _n Fnos .
_ { [5] +1 R if p 18 not an integer,

any positive number < 1, if % is an integer.

That is, there exists a number C' depending only on k, p, n and €) such that

ull o311 g < Cllulhwncay, F € W)
Proof. (i) Assume that 2 is not an integer. Set

0= m e t< iy
p p



Then, since ¢p < n, by Sobolev embedding theorem*,

(11) u € WEET(Q),  where L

!
T n’

bS]

Observe that r = 2 7;@ > n. Hence (11) and Morrey’s inequality imply that

n

Du e C™'75(Q), Vel <k-—(-1.

Observe also that 1 — %+ =1— 2+ (= [3]+1— 2. Thus

P

ue CHEI-LEIH-3(@).

(ii) Suppose % is an integer. Set £ = [%] — 1= % —1.
- We have as above u € Wk=47(Q), for r = npf;Z =n.

- Hence, the Sobolev embedding theorem* shows that

DY e L), ¥n<qg<oo and Vjo| <k—-{(—-1=k— {E]
p

Therefore Morrey’s inequality further implies
D% e C¥'4(Q), Vn<g<oo and V]a| <k — [ﬁ] —1.
p

Consequently, u € C*~[F1717(@Q) for each 0 < v < 1. O



