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MIRROR SYMMETRY



e symplectic geometry: A-model

e complex geometry: B-model

e + Calabi-Yau



BRANES

e symplectic geometry

e A-brane)= Lagrangian submanifold ....4 flat bundle



BRANES

e symplectic geometry

e A-brane)= Lagrangian submanifold ....4 flat bundle

e complex geometry

e B-brane complex submanifold...4+ holomorphic bundle



HYPERKAHLER MANIFOLDS



complex structures I, J, K

[?=J2=K?’=1JK=-1

symplectic forms wq,wy, w3

wo + w3z I-holomorphic symplectic etc.

= Calabi-Yau



complex structures I, J, K

symplectic structures wi,wo, w3

(B, A, A)-brane: cx wrt I, totally real wrt J, K

(B, B, B)-brane:

HK submanifold 4+ hyperholomorphic bundle




hyperholomorphic bundle

~ holomorphic wrt I, J, K

& connection A, curvature Fy € Q1.1

. for I,J, K



for a hyperkahler manifold....

M has mirror hyperkahler M

mirror symmetry: (B,A,A)-brane + (B,B,B)-brane

= (B,A,A)-brane — hyperkdhler submanifold

+ hyperholomorphic bundle



HIGGS BUNDLES



algebraic curve >

holomorphic G¢principal bundle

section ® € HO(Z,g® K) = Higgs field

-+ stability condition



= reduction to maximal compact G

= (G-connection A

Fp+ [®,9*]=0

moduli space hyperkahler



e complex structure I: moduli space of (stable) pairs (A, D)

G = U(n) vector bundle V, ® € HY(Z,EndV ® K)

e complex structure J: flat G°-connection

V4 + P+ d* (representations w1 (X) — G°)

e complex structure K: flat G°-connection

Vg4 id —iP*



FLAT CONNECTIONS FOR A REAL GROUP



e G" C G¢ real form (e.g. SL(n,R) C SL(n,C))

° Hom(wl(Z),GT) C Hom(wl(Z),GC)

e \What is the corresponding Higgs bundle?



REAL FORM G"

e K C G" maximal compact

e principal K¢bundle

e g=tPm

e Higgs field ® € HO(Z, m ® K)

e holonomy of V4+ & 4+ d* ¢ G"



EXAMPLE G" = SL(n,R)

e orthogonal vector bundle V

o NV =0

o ® =o' c HO(Z, EndV @ K)



e involution on hyperkahler moduli space M

e holomorphic wrt I

e anti-holomorphic wrt J and K

@ed—point set (B, A, A)-brane




EXAMPLE G" = SL(n,R)

holomorphic involution V — V*

. and & — ol

anti-holomorphic involution on Hom(xw1,SL(n,C))

Fixed point set may have many components



EXAMPLE G = SL(2,R)

maximal compact SO(2), Chern class c € H2(X,Z) = Z

lc| <2g—2 (Milnor-Wood)

lc| < 29 — 2 determines a connected component

lc| = 2¢g — 2 = 229 connected components



MIRROR SYMMETRY



THE FIBRATION

hyperkdhler moduli space M(G)

dimg = 4(g — 1) dim G

principal G¢-bundle, ® € HO(Z,g ® K)

invariant polynomials pq,...

pm(P) € HO(Z, K9m)

fibration M2K(G@) — CF

,Pgp ON @



integrable system

generic fibre abelian variety A

G¢ = GL(n,C) det(x — ®) = 0 spectral curve S

fibre = Jac(S)



e spectral curve S: det(z —d) =0

e Ccurve in the cotangent bundle = : K —

o m. S — > n-fold cover



o V:TF*L

e d=m,(L S5 LK)

e r € m*K canonical section



G¢ = SL(n,C)

L=Ugn*K"1)/2 degU =0

Nm : PicO(S) — Pic%(X)

UeP(S,X) = Prym variety = kernel



SYZ MIRROR SYMMETRY

e special Lagrangian fibration

e Mirror = dual fibration

e M(Q@) is mirror to M(X@)

R.Donagi & T.Pantev, Langlands duality for Hitchin systems,
Invent. math. 189 (2012), 653—-735.



e dual AY of an abelian variety A = moduli space of degree
zero line bundles on A



e dual AY of an abelian variety A = moduli space of degree
zero line bundles on A

e B C A subvariety

e line bundles trivial on B defines

o .. BYC AV



e fibre A C M(G) maps to a point in base Ck

e A is I-holomorphic, but (ws + iw3)|4 = 0 = Lagrangian wrt
wo, w3 = (B,A,A)-brane

e Mirror = point = the trivial bundle over A



220 | LOVE AND MA

the dual torus, which is the fiber of M(X,G) over the same point b (the rig
torus on the picture, on the A-model side). The dual A-brane on M(X,G)
are looking for will be the A-brane “smeared” over this dual torus. It will
the same dual brane as the one we obtain under the mirror symmetry betwe
these two tori.

fiber on _J;"'f dual fiber
B-model /  on A-model
side side

point in the
base ofthe eb
fibration




TWO ISSUES

1. Given G7 find a hyperkadhler submanifold of M(£@)

2. For each component of the moduli space of flat G"-connections,
find a hyperholomorphic bundle on this submanifold.



THE HYPERKAHLER SUBMANIFOLD



PERVERSE SHEAVES ON REAL LOOP GRASSMANNIANS

OR g g ) Remarks

Al sl,(R)  sl,(C) s, (C) s, (C) split

ATl su*(2n) sly,(C) sla, (C) s, (C)

AIII/ALV | su(p,q) sl,(C) s, (C) sp,(C) p<gq
ptqg=n
quasi-split if ¢ = p
org=p+1

BI/BII s0(p,q) $02,41(C) sp,(C) sp,(C) p<q
p+qg=2n+1
splitifg=p+1

CI sp,(R) sp,(C) 502,+1(C)  509,41(C) | split

CII sp(p,q)  sp,(C)  $02,11(C) sp,(C) |p<gq
ptqg=n

DI/DII  |so(n,n) 502,(C)  509,(C)  509,(C) |split

so(p,q) s02,(C)  502,(C)  502p41(C) | p < ¢q

p+q=2n

quasi-split if ¢ = p + 2

DIII $0"(2n) s09,(C) 509, (C) sp,(C) p=[n/2]
EI €6(6) e6(C) ¢6(C) ¢6(C) split

EII €6(2) e6(C) ¢6(C) f4(C) quasi-split
EIII 36(—14) 26(((:) €6 ((C) 505(@)

EIV eg(—26) ¢6(C) e (C) sl3(C)

EV e7(7) 27(((:) e7 ((C) e7 ((C) split
EVI er—5  ¢7(C) e7(C) f4(C)

EVII er(—25)  ¢7(C) e7(C) sp3(C)

EVIII €g(8) es ((C) es ((C) es ((C) split
EIX eg(—21)  ¢s(C) es(C) fa(C)

FI fa(a) 1(C) f2(C) f2(C) split

FII fac—20)  fa(C) §4(C) sl5(C)

G 92(2) g2(C) g2(C) a2(C) split

TABLE 1. Associated Lie algebras h for non-compact real Lie algebras

gr with simple complexifications g. Notation following E. Cartan,
and [Hel78].




real forms of G¢ complex subgroups of LG¢

PERVERSE SHEAVES ON REAL LOOP GRASSMANNIANS 3

gr g g b

sh,(R)  sl,(C) 50, (C) 50, (C)
Al su*(2n) sly,(C) 519, (C) s0,(C)
ATIL/ su(p,q) sl,(C) 50,(C) sp,(C)

N

BI/BII Eﬂ(p, Q) 50271—0—1(@) 5pn((c) 5pp(c) p<gq

prg=2n+1
splitifg=p+1
CI Epn(R) 5P,L(C) 502n+1 (C) 502n+1 ((C) Spht
cl ﬁp(p, Q) 5pn((c) 502n+1((c) 5pp((c) p<gq
p+qg=n

DI/DII s0(n,n) s09,(C) 509, (C) 509, (C) split
s0(p,q)  502,(C) 502, (C) 509,41(C) | p<gq

p+qg=2n
quasi-split if ¢ =p + 2
DIIT 50%(2n) 502,(C)  509,(C)  sp,(C) p=[n/2|
EI ¢6(6) e6(C) e6(C) e6(C) split
EIT ¢6(2) e6(C) e6(C) f4(C) quasi-split
EIII 66(—14) QG(C) QG(C) 505(@)
EIV e6(—26) ¢6(C) e6(C) sl3(C)
EV e7(7) 27(@) e7(C) 27(((:) split
EVI er-s)  e7(C) e7(C) fa(C)
EVII er(—25)  ¢7(C) e7(C) sp3(C)
EVIII 0 es(C) es(C) es(C) split
EIX eg—21)  ¢s(C) es(C) f4(C)
FI fa(a) f4(C) fa(C) fa(C) split
FII fa—20)  fa(C) fa(C) sl3(C)
G 92(2) 92(C) 92(C) 92(C) split

TABLE 1. Associated Lie algebras § for non-compact real Lie algebras
gr with simple complexifications g. Notation following E. Cartan,

and [Hel78].



D.Nadler, Perverse sheaves on real loop Grassmannians, Invent.
Math. 159 (2005) 1-73

o " C G°

o = I c Lge

Conjecture The mirror of the moduli space of flat G"-bundles
is supported on the Higgs bundle moduli space M(H) c M(XQ).



e split real form G" C G¢

e e.9g. SL(n,R) C SL(n,C)

o = LGge



e Hom(my,G")/G" C M(G€) — CF

e generic fibre finite = A[2]

e line bundles on A trivial on finite set = A



e Hom(my,G")/G" C M(G€) — CF

e generic fibre finite = A[2]

e line bundles on A trivial on finite set = A

e dimHom(m1,G")/G" = dim M(G°)/2

e .. Mmaps surjectively onto the base

L.Schaposnik, Spectral data for G-Higgs bundles, arXiv:1301.198



THE CASE G" = U(m, m)



e maximal compact U(m) x U(m)

e bundle V=V, & V_ Higgs field & = <O g)
Y

e characteristic class c¢1(Vy) € H2(Z,Z)

e — different topological components

L.Schaposnik, Spectral data for G-Higgs bundles, arXiv:1301.1981



spectral curve det(z — ®) = 2™ 4+ a122™ 2+ ... + am

involution o(z) = —x on S

L=Ur*K2m=1)/2 17 ¢ Jac(S)

oc*U =U



spectral curve det(z — ®) = 2™ 4+ a122™ 2+ ... + am

involution o(z) = —x on S

L=Ur*K2m=1)/2 17 ¢ Jac(S)

oc*U =U

o ci1(Vy)=m(g—1)—k

2k = no of fixed points where action is —1



e spectral curve det(z — ®) = 2™ + a122™ 2+ ...+ am

e base of fibration = even degree differentials

e Mmirror supported on a hyperkahler submanifold which projects
to this



e spectral curve det(z — ®) = z2™ + 122 2+ ...+ am

e base of fibration = even degree differentials

e Mmirror supported on a hyperkahler submanifold which projects
to this

e moduli space of Sp(2m,C) Higgs bundles.




PERVERSE SHEAVES ON REAL LOOP GRASSMANNIANS

IR g g b Remarks
Al sl,(R)  sl,(C) s, (C) s, (C) split
ATl 5[2n(C) B[Qn(C) L
AIIT/AIV { su(p, q) ) sl,(C) s, (C) sp,(C) p<gq
ptqg=n

auasi-split if ¢ = »




SPECTRAL CURVE FOR Sp(2m)

e rank 2m bundle E, skew form (, )

Higgs field &: (v, w) + (v, Pw) =0
e eigenvectors v;,v;, (v;,vj) = 0 unless \; = —A;

e characteristic polynomial 2™ 4+ aox?™ 2 4+ ... 4 aop,



U(m,m) fibre: disconnected

o*U =U

if U1,U> have the same action at fixed points then....

U 2U; ®q*L where q: S — S/o=2S8

each component = Jac(S)



dual of ¢* : Jac(S) — Jac(S) is ..

. Nm : Jac(S) — Jac(S)

kernel = Prym variety Prym(S, S)

= fibre of Sp(2m, C) fibration



THE CASE G" = SU*(2m)



SU*(2m) = SL(m, H)

maximal compact Sp(m)

V symplectic, ®1 = & (symplectic transpose)

= det(z — P) = (2™ + asz™ 1 + ...+ am)?



e call S: 2™+ asx™ 1 4+ ... 4 am = 0 the spectral curve
o V =mF rank 2 bundle

e fibre N Hom(wl,SU*(Qm))/SU(Qm) = moduli space of stable
rank 2 bundles on S

e fibre no longer an abelian variety — many algebraic components

e VWhat is the rest of the fibre?



e characteristic polynomial (2™ 4+ asa™ 1 4+ ... 4+ am)? = p(x)?

e V = m«FE rank 2 bundle ~ minimal polynomial = p(x)



e characteristic polynomial (2™ 4+ asa™ 1 4+ ... 4+ am)? = p(x)?

e V = m«FE rank 2 bundle ~ minimal polynomial = p(x)

e general case minimal polynomial = p(z)?

e extension of Higgs bundles
0— (W1, ®1) = (V,®P) = (Wr,P5) =0
where S is the spectral curve for (Wq,®1) and (W5, »)



e extensions classified by hypercohomology H! of

O(Hom(Wo, W1)) X O(Hom(Wo, W1) ® K)

W(A) = Ads, — DA
e smooth S = sheaves ker W, coker W vector bundles

o CokerWw = kerwv K™

Note: If W7 = W5, hypercohomology H! = tangent space
to M(GL(m))



e Spectral sequence =
0 — Hl(kerw) — H! % HO(coker W) — 0
o sc HO(n=1(U), L% L>)

s HO(x N(U), L) — HO (=~ 1(U), L»)
v HO(U,Wy) — HO(U, W»)



e Spectral sequence =
0 — Hl(kerw) — H! % HO(coker W) — 0
o sc HO(n=1(U), L% L>)

s HO(x N(U), L) — HO (=~ 1(U), L»)
v HO(U,Wy) — HO(U, W»)

o sx = xs = defines ¢ € HO(U, ker W)

o ker W & m (L% L)



0 — HY(kerw) — H! % HO(coker W) — 0

o if 6(a) =0

5—operator on extension =

- 0 «
7+ (o o)

where o intertwines ®q, d5

e = minimal polynomial p(x)



non-zero section of HO(XZ, coker W) =2 HO(S, LY Lo K™)
~ symmetric product Sldl
+ extension in H1(S,ker W) =2 H(S, L% L5)

deg L] Lo K™ = d ~ different (algebraic) components



non-zero section of HO(X, coker W) £ Ho(m)

~ symmetric product Sl

+ extension in H1(S, ker W) & Hl(
dem = d ~ different (algebraic) components



e L € Jac(S): (Ly,L>)+— (LLq,LL>)

e NmL;+NmL,=0=2NmL =0

e abelian variety A = {[L] € Jac(S) : L? € Prym(S)}




moduli space N of rank 2 stable bundles on S: Pic=Z

line bundle on fibre, trivial on N: degree zero

degree zero line bundles on A = AY

mirror hyperkahler submanifold ~ SL(m,C) Higgs bundles



PERVERSE SHEAVES ON REAL LOOP GRASSMANNIANS

gR g g b Remarks
Al n s, (C) s, (C) C split
ATl (su*(2n)) s02,(C) sl (C)
AIIT/ATV s(,(C) sl,(C) 0, (( p=q
PpTtqg=mn
quasi-split if a = »

D.Nadler, Perverse sheaves on real loop Grassmannians, Invent.

Math. 159 (2005) 1-73




HYPERHOLOMORPHIC BUNDLES



HYPERHOLOMORPHIC BUNDLE

e Higgs bundle equations: dimensional reduction of ASDYM

e ASD connection Aidxq1 4+ Asdxo 4+ ¢p1dx3z + Ppodxg

e Dirac operator D* = 04 @
d* Iy




e D*D ~ —V2 V3 —¢3 —¢3 = kerD =0
e index theorem = dimker D* = (29 — 2)rkV

e L2 connection is hyperholomorphic



e complex structure [

e« Q02(V) B QOP(V®K)
o4 o1

QOP+1(y) it QOr+1(V @ K)

e total differential 0 + &

>~

e Hodge theory: ker D* = hypercohomology H1



THE TANGENT BUNDLE

e tangent space = hypercohomology H! of

o) Bl o e K)

e = de Rham cohomology H1(X,g) of local system



THE TANGENT BUNDLE

e tangent space = hypercohomology H! of

o) Bl o e K)

e = de Rham cohomology H1(X,g) of local system

THE DIRAC BUNDLE

hypercohomology H! of

. o) B oW @ K)

e = de Rham cohomology H1(X,V) of local system



e G"=U(m,m)

e different components = different hyperholomorphic bundles

e ... on the Sp(2m, C)-moduli space



THE HYPERHOLOMORPHIC BUNDLE

V = rank m bundle 4+ symplectic form

hypercohomology H! of O(V) 3 O(V ® K) defines a

hyperholomorphic bundle V
det(z — d) = r2m 4 alem_Q + ...+ am

detd = 0 if a;, = O, zero set Z of section of K2m

Hl =~ @ coker @,.
A=Y



o &V —- V®K generically an isomorphism

e 0 »H! - HO(cokerd) - 0

e coker ® supported on detd® =0



e spectral curve S: z?™m 4 a1z?™ 24+ ...+ am =0

o 7/ = fixed pointset t =0 of o(x) = —=x

eonS: H'= P (Lr'K),
ze/



e component of U(m,m) moduli space ~ 2k-element subset of
Z, where o acts as —1

N2kV 22 EB (LK) 2y (LK) 2y« . (LT K ) 2y,
{21,...,22k}CZ

® .... Sum over 2k-element subsets

e Claim: A2%V is the required hyperholomorphic bundle




e noO universal bundle on Sp(2m,C) moduli space

e gerbe, class in H2(M,Z5)



e noO universal bundle on Sp(2m,C) moduli space

e gerbe, class in H2(M,Z5)

o local Vo, Vg = Vo ® Lyg

o Lgﬁ trivial so A%V g =2 A2FV,



REMARKS:
Dirac operator quaternionic, V. quaternionic ...
= hyperholomorphic SO(2m)-connection on V
= N2m=2ky = \2kV

AOV = maximal value of c1 (V)



THE CASE G" = SU(m,m)



e Prym varieties Prym(S5,¥) ¢ Prym(S, X)

o P(S,5)/P(S,S5)NJac(X) — Jac(S)/ Jac(X) — Jac(S)/ Jac(x)



e Prym varieties Prym(S5,¥) ¢ Prym(S, X)

o P(S,5)/P(S,S5)NJac(X) — Jac(S)/ Jac(X) — Jac(S)/ Jac(x)

e P(S,5)NJac(X) = {U € Jac(X) : o*n*U = n*U*} = HY(Z, Z)

e mirror = quotient of Sp(2m,C) moduli space by H(XZ,Z>)



e quotient = PSp(2m,C) moduli space

e Problem: V doesn't descend

o 7’77



e canonical section of fibration = PSL(2,R)-moduli space

e mirror = trivial holomorphic bundle on SL(2,C)-moduli space



e canonical section of fibration = PSL(2,R)-moduli space

e mirror = trivial holomorphic bundle on SL(2,C)-moduli space

e 229 canonical sections of SL(2,C)-moduli space:

V = K1/2 D K—1/2

e mirror = 229 trivializations of the gerbe on PSL(2,C) moduli
space (Frenkel-Witten)



