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MIRROR SYMMETRY
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• symplectic geometry: A-model

• complex geometry: B-model

• + Calabi-Yau
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BRANES

• symplectic geometry

• A-brane = Lagrangian submanifold ....+ flat bundle

• complex geometry

• B-brane = complex submanifold...+ holomorphic bundle
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HYPERKÄHLER MANIFOLDS
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• complex structures I, J,K

• I
2 = J

2 = K
2 = IJK = −1

• symplectic forms ω1,ω2,ω3

• ω2 + iω3 I-holomorphic symplectic etc.

• ⇒ Calabi-Yau
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• complex structures I, J,K

• symplectic structures ω1,ω2,ω3

• (B,A,A)-brane: cx wrt I, totally real wrt J,K

• (B,B,B)-brane: HK submanifold + hyperholomorphic bundle

4

BRANES

HYPERKÄHLER MANIFOLDS
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• hyperholomorphic bundle

• ∼ holomorphic wrt I, J,K

• ⇔ connection A, curvature FA ∈ Ω1,1

• .... for I, J,K
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• mirror symmetry: (B,A,A)-brane ↔ (B,B,B)-brane

• ⇒ (B,A,A)-brane → hyperkähler submanifold

+ hyperholomorphic bundle

3

• for a hyperkähler manifold....

• M has mirror hyperkähler M̂

• ... but
�

Σ
trΦΦ∗

is a Kähler potential

• ... for complex structure J
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HIGGS BUNDLES
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• algebraic curve Σ

• holomorphic G
c
-principal bundle

• section Φ ∈ H
0
(Σ, g⊗K) = Higgs field

• + stability condition
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• ⇒ reduction to maximal compact G

• ⇒ G-connection A

• FA + [Φ,Φ∗] = 0

• moduli space hyperkähler
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• complex structure I: moduli space of (stable) pairs (A,Φ)

G = U(n) vector bundle V , Φ ∈ H
0(Σ,EndV ⊗K)

• complex structure J: flat G
c-connection

∇A +Φ+Φ∗ (representations π1(Σ) → G
c)

• complex structure K: flat G
c-connection

∇A + iΦ− iΦ∗

26



FLAT CONNECTIONS FOR A REAL GROUP
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• Gr ⊂ Gc
real form (e.g. SL(n,R) ⊂ SL(n,C))

• Hom(π1(Σ), Gr
) ⊂ Hom(π1(Σ), Gc

)

• What is the corresponding Higgs bundle?
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REAL FORM G
r

• K ⊂ G
r maximal compact

• principal Kc-bundle

• g = k⊕ m

• Higgs field Φ ∈ H
0(Σ,m⊗K)
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REAL FORM G
r

• K ⊂ G
r maximal compact

• principal Kc-bundle

• g = k⊕ m

• Higgs field Φ ∈ H
0(Σ,m⊗K)

• holonomy of ∇+Φ+Φ∗ ∈ G
r
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EXAMPLE G
r = SL(n,R)

• orthogonal vector bundle V

• Λn
V

∼= O

• Φ = ΦT ∈ H
0(Σ,EndV ⊗K)
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• involution on hyperkähler moduli space M

• holomorphic wrt I

• anti-holomorphic wrt J and K

• fixed-point set (B,A,A)-brane

2



EXAMPLE Gr
= SL(n,R)

• holomorphic involution V �→ V ∗

• .... and Φ �→ ΦT

• anti-holomorphic involution on Hom(π1, SL(n,C))

• Fixed point set may have many components
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EXAMPLE Gr = SL(2,R)

• maximal compact SO(2), Chern class c ∈ H2(Σ,Z) = Z

• |c| ≤ 2g − 2 (Milnor-Wood)

• |c| < 2g − 2 determines a connected component

• |c| = 2g − 2 ⇒ 22g connected components
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MIRROR SYMMETRY
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THE FIBRATION

• hyperkähler moduli space M(G)

dimR = 4(g − 1) dimG

• principal Gc-bundle, Φ ∈ H
0(Σ, g⊗K)

• invariant polynomials p1, . . . , p� on g

pm(Φ) ∈ H
0(Σ,K

dm)

• fibration M2k(G) → Ck
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• integrable system

• generic fibre abelian variety

• Gc = GL(n,C) det(x−Φ) = 0 spectral curve S

• fibre = Jac(S)

4

• cokerΦ supported on zero set of detΦ

det(x−Φ) = xn + a1x
n−1 + . . .+ an = 0

A

4



• spectral curve S: det(x−Φ) = 0

• curve in the cotangent bundle π : K → Σ

• π : S → Σ n-fold cover
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• V = π∗L

• Φ = π∗(L
x→ L⊗ π∗K)

• x ∈ π∗K canonical section
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• Gc = SL(n,C)

• L = U ⊗ π∗K(n−1)/2, degU = 0

• Nm : Pic0(S) → Pic0(Σ)

• U ∈ P(S,Σ) = Prym variety = kernel
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SYZ MIRROR SYMMETRY

• special Lagrangian fibration

• mirror = dual fibration

• M(G) is mirror to M(LG)

2

R.Donagi & T.Pantev, Langlands duality for Hitchin systems,

Invent. math. 189 (2012), 653–735.



• dual A∨ of an abelian variety A = moduli space of degree
zero line bundles on A

• fibre A ⊂ M(G) maps to a point in base Ck

• A is I-holomorphic, but (ω2 + iω3)|A = 0 ⇒ Lagrangian wrt
ω2,ω3 = (B,A,A)-brane

• mirror = point = the trivial bundle over A∨
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4

• B ⊂ A subvariety

• line bundles trivial on B defines

• .. B0 ⊂ A∨
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• dual A∨ of an abelian variety A = moduli space of degree
zero line bundles on A

• fibre A ⊂ M(G) maps to a point in base Ck

• A is I-holomorphic, but (ω2 + iω3)|A = 0 ⇒ Lagrangian wrt
ω2,ω3 = (B,A,A)-brane

• mirror = point = the trivial bundle over A
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TWO ISSUES

1. Given Gr find a hyperkähler submanifold of M(LG)

2. For each component of the moduli space of flat Gr-connections,

find a hyperholomorphic bundle on this submanifold.

3



THE HYPERKÄHLER SUBMANIFOLD
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PERVERSE SHEAVES ON REAL LOOP GRASSMANNIANS 3

gR g ǧ ȟ Remarks
AI sln(R) sln(C) sln(C) sln(C) split
AII su∗(2n) sl2n(C) sl2n(C) sln(C)
AIII/AIV su(p, q) sln(C) sln(C) spp(C) p ≤ q

p + q = n
quasi-split if q = p
or q = p + 1

BI/BII so(p, q) so2n+1(C) spn(C) spp(C) p < q
p + q = 2n + 1
split if q = p + 1

CI spn(R) spn(C) so2n+1(C) so2n+1(C) split
CII sp(p, q) spn(C) so2n+1(C) spp(C) p ≤ q

p + q = n
DI/DII so(n, n) so2n(C) so2n(C) so2n(C) split

so(p, q) so2n(C) so2n(C) so2p+1(C) p < q
p + q = 2n
quasi-split if q = p + 2

DIII so∗(2n) so2n(C) so2n(C) spp(C) p = [n/2]
EI e6(6) e6(C) e6(C) e6(C) split
EII e6(2) e6(C) e6(C) f4(C) quasi-split
EIII e6(−14) e6(C) e6(C) so5(C)
EIV e6(−26) e6(C) e6(C) sl3(C)
EV e7(7) e7(C) e7(C) e7(C) split
EVI e7(−5) e7(C) e7(C) f4(C)
EVII e7(−25) e7(C) e7(C) sp3(C)
EVIII e8(8) e8(C) e8(C) e8(C) split
EIX e8(−24) e8(C) e8(C) f4(C)
FI f4(4) f4(C) f4(C) f4(C) split
FII f4(−20) f4(C) f4(C) sl2(C)
G g2(2) g2(C) g2(C) g2(C) split

Table 1. Associated Lie algebras ȟ for non-compact real Lie algebras
gR with simple complexifications g. Notation following É. Cartan,
and [Hel78].

equipped with its classical topology. We call this space the loop Grassmannian of G,
and denote it by Gr. The filtration by order of pole exhibits Gr as an increasing union
of projective varieties. As a topological space, Gr is homeomorphic to the space of
based loops from a circle S1 to a compact form Gc of G whose Fourier expansions are
polynomial. It is homotopy equivalent to the space of continuous based loops from S1

to G. It is called a Grassmannian since it may also be realized as a certain collection
of subspaces in the infinite-dimensional C-vector space g(K). See [Lus83, Section 11]
and [PS86, Chapter 8] for more details. Although the latter work in the context of
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• Φ : V → V ⊗K generically an isomorphism

• 0 → H1 → H
0(cokerΦ) → 0

• cokerΦ supported on detΦ = 0

real forms of G
c

subgroups of L
G
c

2

• Φ : V → V ⊗K generically an isomorphism

• 0 → H1 → H
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• cokerΦ supported on detΦ = 0

real forms of G
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complex subgroups of L
G
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1. QUANTUM LINE BUNDLES

2. COTANGENT BUNDLES

3. HIGGS BUNDLES

D.Nadler, Perverse sheaves on real loop Grassmannians, Invent.
Math. 159 (2005) 1–73

2• G
r ⊂ G

c

• ⇒ Ĥ ⊂ L
G
c

Conjecture The mirror of the moduli space of flat G
r
-bundles

is supported on the Higgs bundle moduli space M(Ĥ) ⊂ M(
L
G).

2



• split real form G
r ⊂ G

c

• e.g. SL(n,R) ⊂ SL(n,C)

• Ĥ = L
G
c

11



• Hom(π1, G
r
)/Gr ⊂ M(Gc

) → Ck

• generic fibre finite = A[2]

• line bundles on A trivial on finite set = Â

6



• Hom(π1, G
r
)/Gr ⊂ M(Gc

) → Ck

• generic fibre finite = A[2]

• line bundles on A trivial on finite set = Â

6

R.Donagi & T.Pantev, Langlands duality for Hitchin systems,

Invent. math. 189 (2012), 653–735.

L.Schaposnik, Spectral data for G-Higgs bundles, arXiv:1301.1981

•

• dimHom(π1, G
r
)/Gr

= dimM(Gc
)/2

• .. maps surjectively onto the base

3



THE CASE Gr
= U(m,m)

2



• maximal compact U(m)× U(m)

• bundle V = V+ ⊕ V− Higgs field Φ =

�
0 β

γ 0

�

• characteristic class c1(V+) ∈ H
2
(Σ,Z)

• ⇒ different topological components

L.Schaposnik, Spectral data for G-Higgs bundles, arXiv:1301.1981
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• spectral curve det(x−Φ) = x2m + a1x
2m−2 + . . .+ am

• involution σ(x) = −x on S

• L = Uπ∗K(2m−1)/2, U ∈ Jac(S)

• σ∗U ∼= U

• c1(V+) = m(g − 1)− k

2k = no of fixed points where action is −1

4
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• spectral curve det(x−Φ) = x2m + a1x
2m−2

+ . . .+ am

• base of fibration = even degree differentials

• mirror supported on a hyperkähler submanifold which projects

to this

• moduli space of Sp(2m,C) Higgs bundles.
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Table 1. Associated Lie algebras ȟ for non-compact real Lie algebras
gR with simple complexifications g. Notation following É. Cartan,
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SPECTRAL CURVE FOR Sp(2m)

• rank 2m bundle E, skew form � , �

Higgs field Φ: �Φv, w�+ �v,Φw� = 0

• eigenvectors vi, vj, �vi, vj� = 0 unless λi = −λj

• characteristic polynomial x2m + a2x
2m−2 + . . .+ a2m

• spectral curve S, involution σ(x) = −x

• E = π∗L, L = π∗Km−1/2 ⊗ U where σ∗U ∼= U∗

30
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• U(m,m) fibre: disconnected

• σ∗U ∼= U

• if U1, U2 have the same action at fixed points then....

• U2
∼= U1 ⊗ q∗L where q : S → S/σ = S̄

• each component ∼= Jac(S̄)

6



• dual of q∗ : Jac(S̄) → Jac(S) is ..

• ... Nm : Jac(S) → Jac(S̄)

• kernel = Prym variety Prym(S, S̄)

• = fibre of Sp(2m,C) fibration

7



THE CASE Gr
= SU∗

(2m)

5



• SU∗(2m) = SL(m,H)

• maximal compact Sp(m)

• V symplectic, ΦT = Φ (symplectic transpose)

• ⇒ det(x−Φ) = (xm + a2x
m−1 + . . .+ am)2

11



• call S: xm + a2x
m−1

+ . . .+ am = 0 the spectral curve

• V = π∗E rank 2 bundle

• fibre ∩Hom(π1, SU
∗
(2m))/SU(

2m) = moduli space of stable

rank 2 bundles on S

• fibre no longer an abelian variety – many algebraic

components

7

• call S: xm + a2x
m−1

+ . . .+ am = 0 the spectral curve

• V = π∗E rank 2 bundle

• fibre ∩Hom(π1, SU
∗
(2m))/SU(

2m) = moduli space of stable

rank 2 bundles on S

• fibre no longer an abelian variety – many algebraic

components

7

• What is the rest of the fibre?

• dimHom(π1, G
r
)/Gr

= dimM(Gc
)/2

• .. maps surjectively onto the base

3



• characteristic polynomial (xm + a2x
m−1

+ . . .+ am)
2
= p(x)2

• V = π∗E rank 2 bundle ∼ minimal polynomial = p(x)

• general case minimal polynomial = p(x)2

• extension of Higgs bundles

0 → (E1,Φ1) → (E,Φ) → (E2,Φ2) → 0

where S is the spectral curve for (E1,Φ1) and (E2,Φ2) com-

ponents

8
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2
= p(x)2

• V = π∗E rank 2 bundle ∼ minimal polynomial = p(x)

• general case minimal polynomial = p(x)2

• extension of Higgs bundles

0 → (W1,Φ1) → (V,Φ) → (W2,Φ2) → 0

where S is the spectral curve for (W1,Φ1) and (W2,Φ2)

8

• action of L ∈ Jac(S): (L1, L2)

• ∼ symmetric product S
[d]

• + extension in H
1(S, kerΨ) ∼= H

1(S,L∗
1L2)

• degL
∗
1L2K

m = d ∼ different (algebraic) components

W1 = π∗L1,W2 = π∗L2

3



• extensions classified by hypercohomology H1
of

•

O(Hom(W2,W1))
Ψ→ O(Hom(W2,W1)⊗K)

Ψ(A) = AΦ2 −Φ1A

• smooth S ⇒ sheaves kerΨ, cokerΨ vector bundles

• cokerΨ ∼
= kerΨ⊗Km

Note: If W1 = W2, hypercohomology H1
= tangent space

to M(GL(m))

2
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•

0 → H
1(kerΨ) → H

1 δ→ H
0(cokerΨ) → 0

• if δ(a) = 0

∂̄-operator on extension =

∂̄ +

�
0 α

0 0

�

where α intertwines Φ1,Φ2

• ⇒

Φ =

�
Φ1 0
0 Φ2

�
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• ⇒ minimal polynomial p(x)

•

0 → H
1(kerΨ) → H

1 δ→ H
0(cokerΨ) → 0

• if δ(a) = 0

∂̄-operator on extension =

∂̄ +

�
0 α

0 0

�

where α intertwines Φ1,Φ2

• ⇒

Φ =

�
Φ1 0
0 Φ2

�

12



• non-zero section of H
0(Σ, cokerΨ) ∼= H

0(S,L∗
1L2K

m)

• ∼ symmetric product S
[d]

• + extension in H
1(S, kerΨ) ∼= H

1(S,L∗
1L2)

• degL
∗
1L2K

m = d ∼ different (algebraic) components

2
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• L ∈ Jac(S): (L1, L2) �→ (LL1, LL2)

• NmL1 + NmL2 = 0 ⇒ 2NmL = 0

• abelian variety A = {[L] ∈ Jac(S) : L2 ∈ Prym(S)}

3



• moduli space N of rank 2 stable bundles on S: Pic = Z

• line bundle on fibre, trivial on N : degree zero

• degree zero line bundles on A = A∨

• mirror hyperkähler submanifold ∼ SL(m,C) Higgs bundles

4



PERVERSE SHEAVES ON REAL LOOP GRASSMANNIANS 3

gR g ǧ ȟ Remarks
AI sln(R) sln(C) sln(C) sln(C) split
AII su∗(2n) sl2n(C) sl2n(C) sln(C)
AIII/AIV su(p, q) sln(C) sln(C) spp(C) p ≤ q

p + q = n
quasi-split if q = p
or q = p + 1

BI/BII so(p, q) so2n+1(C) spn(C) spp(C) p < q
p + q = 2n + 1
split if q = p + 1

CI spn(R) spn(C) so2n+1(C) so2n+1(C) split
CII sp(p, q) spn(C) so2n+1(C) spp(C) p ≤ q

p + q = n
DI/DII so(n, n) so2n(C) so2n(C) so2n(C) split

so(p, q) so2n(C) so2n(C) so2p+1(C) p < q
p + q = 2n
quasi-split if q = p + 2

DIII so∗(2n) so2n(C) so2n(C) spp(C) p = [n/2]
EI e6(6) e6(C) e6(C) e6(C) split
EII e6(2) e6(C) e6(C) f4(C) quasi-split
EIII e6(−14) e6(C) e6(C) so5(C)
EIV e6(−26) e6(C) e6(C) sl3(C)
EV e7(7) e7(C) e7(C) e7(C) split
EVI e7(−5) e7(C) e7(C) f4(C)
EVII e7(−25) e7(C) e7(C) sp3(C)
EVIII e8(8) e8(C) e8(C) e8(C) split
EIX e8(−24) e8(C) e8(C) f4(C)
FI f4(4) f4(C) f4(C) f4(C) split
FII f4(−20) f4(C) f4(C) sl2(C)
G g2(2) g2(C) g2(C) g2(C) split

Table 1. Associated Lie algebras ȟ for non-compact real Lie algebras
gR with simple complexifications g. Notation following É. Cartan,
and [Hel78].

equipped with its classical topology. We call this space the loop Grassmannian of G,
and denote it by Gr. The filtration by order of pole exhibits Gr as an increasing union
of projective varieties. As a topological space, Gr is homeomorphic to the space of
based loops from a circle S1 to a compact form Gc of G whose Fourier expansions are
polynomial. It is homotopy equivalent to the space of continuous based loops from S1

to G. It is called a Grassmannian since it may also be realized as a certain collection
of subspaces in the infinite-dimensional C-vector space g(K). See [Lus83, Section 11]
and [PS86, Chapter 8] for more details. Although the latter work in the context of

1. QUANTUM LINE BUNDLES

2. COTANGENT BUNDLES

3. HIGGS BUNDLES

D.Nadler, Perverse sheaves on real loop Grassmannians, Invent.
Math. 159 (2005) 1–73

2



HYPERHOLOMORPHIC BUNDLES

8



• Higgs bundle equations: dimensional reduction of ASDYM

5

• dimensional reduction

• ASD connection A1dx1 +A2dx2 + φ1dx3 + φ2dx4

•

D∗ = ∇1 +

�
i 0
0 −i

�

∇2 +

�
0 1
−1 0

�

φ1 +

�
0 i

i 0

�

φ2

• Dirac operator

D∗ =

�
∂̄A Φ
Φ∗ ∂A

�
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HYPERHOLOMORPHIC BUNDLE

•

• spectral curve 0 = det(x−Φ) = x2 − q involution σ(x) = −x

• Prym variety P(S,Σ) = {U : σ∗U ∼= U∗}

• U2 ∼= O ⇒ σ∗U ∼= U

38



D∗ =

�
∂̄A Φ
Φ∗ ∂A

�

:

�
V ⊗K

V ⊗ K̄

�

→
�
V ⊗KK̄

V ⊗KK̄

�

• D∗D ∼ −∇2
1 −∇2

2 − φ21 − φ22 ⇒ kerD = 0

• index theorem ⇒ dimkerD∗ = (2g − 2) rkV

• L2 connection is hyperholomorphic

39
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• complex structure I

• Ω0,p(V )

Φ→

→

Ω0,p(V ⊗K)

Ω0,p+1(V ) Φ→ Ω0,p+1(V ⊗K)

∂̄

• total differential ∂̄ ±Φ
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• Hodge theory: kerD∗ ∼
= hypercohomology H1



THE TANGENT BUNDLE

• holonomy Sp(n)

• tangent space = hypercohomology H1
of

•

O(g)
[Φ, ]→ O(g⊗K)

• = de Rham cohomology H
1
(Σ, g) of local system
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of
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1
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• Gr = U(m,m)

• different components ⇒ different hyperholomorphic bundles

• ... on the Sp(2m,C)-moduli space

4



THE HYPERHOLOMORPHIC BUNDLE

• V = rank m bundle + symplectic form

• hypercohomology H1 of O(V ) Φ→ O(V ⊗K) defines a

hyperholomorphic bundle V

• det(x−Φ) = x2m + a1x
2m−2 + . . .+ am

• detΦ = 0 if am = 0, zero set Z of section of K2m

2

•

H
1 ∼=

�

z∈Z
cokerΦz.

•

H
1 ∼=

�

z∈Z
cokerΦz.



• Φ : V → V ⊗K generically an isomorphism

• 0 → H1 → H
0(cokerΦ) → 0

• cokerΦ supported on detΦ = 0

2



• spectral curve S: x2m + a1x
2m−2 + . . .+ am = 0

• Z ∼= fixed point set x = 0 of σ(x) = −x

• on S:

H
1 ∼=

�

z∈Z
(Lπ∗K)z
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• component of U(m,m) moduli space ∼ 2k-element subset of
Z, where σ acts as −1

•

Λ2kV ∼=
�

{z1,...,z2k}⊂Z

(Lπ∗K)z1(Lπ
∗K)z2 . . . (Lπ

∗K)z2k

• .... sum over 2k-element subsets

• Claim: Λ2kV is the required hyperholomorphic bundle

4
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• no universal bundle on Sp(2m,C) moduli space

• gerbe, class in H
2(M,Z2)

• local Vα, Vβ
∼= Vα ⊗ Lαβ

• L
2
αβ trivial so Λ2kVβ

∼= Λ2kVα
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REMARKS:

• Dirac operator quaternionic, V quaternionic ...

• ⇒ hyperholomorphic SO(2m)-connection on V

• ⇒ Λ2m−2kV ∼= Λ2kV

• Λ0V = maximal value of c1(V+)
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THE CASE Gr
= SU(m,m)
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• Prym varieties Prym(S̄,Σ) ⊂ Prym(S,Σ)

• P(S, S̄)/P(S, S̄)∩Jac(Σ) → Jac(S)/ Jac(Σ) → Jac(S̄)/ Jac(Σ)

• P(S, S̄)∩Jac(Σ) = {U ∈ Jac(Σ) : σ∗π∗
U

∼= π∗
U
∗} = H

1(Σ,Z2)

• mirror = quotient of Sp(2m,C) moduli space by H
1(Σ,Z2)
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• quotient = PSp(2m,C) moduli space

• Problem: V doesn’t descend

• ???
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• canonical section of fibration ⇒ PSL(2,R)-moduli space

• mirror = trivial holomorphic bundle on SL(2,C)-moduli space

• 22g canonical sections of SL(2,C)-moduli space:

V = K1/2 ⊕K−1/2

• mirror = 22g trivializations of the gerbe on PSL(2,C) moduli
space (Frenkel-Witten)
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