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Abstract

@ We are concerned with the investigation of a class of linearly coupled Schrodinger
systems with steep potential well, which arises in nonlinear optics.

@ The existence of positive ground states is investigated by exploiting the relation
between the Nehari manifold and fibering maps.

o This is a joint work with Prof. Tsung-fang Wu and Prof. Ying-Chieh Lin.
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Systems of linearly coupled Schrodinger equations

The propagation of optical pulses in a nonlinear dual-core coupler can be described in
terms of two linearly coupled Schrodinger equations:

{—i‘%“t’:AW—a(x)\ll+|\IJ|2\Il+ﬁ¢, xR, t >0, )

—i% = AD — b(x) P+ O[O + SV, xeRN t>0,

where
@ VW and @ are the complex valued envelope functions,
@ a and b are potential functions, and

@ [, which is the normalized coupling coefficient between the two cores, is equal to
the linear coupling coefficient times the dispersion length.
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If we consider a standing wave solution (soliton) for system (1) of the form

(W (t,x), (£, x)) = (e_i“’tu(x) , e—'“v(x)) :

where u, v are real functions decreasing to zero at infinity and w > 0 is a parameter.
Then (u, v) solves the following system

{—Au—l—(a(x)—w)u
—Av+(b(x) —w)v

u? + Bv, x €R",

2
v+ Bu, x € RV, (2)
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Systems of linearly coupled Schrodinger equations

We are concerned with the following system of linearly coupled Schrodinger equations:

—Au+ Vi (x)u=f(u)+ B(x)v, x € RV,
—Av+ Vo (x)v =g(v)+ B(x)y, x € RN, (3)
(u,v) € H* (RY) x H* (R"),
where
@ the potentials Vi(x) # 0, V2(x) # 0 are continuous and nonnegative,
o the nonlinear terms f, g are continous, and

o the coupling function 3(x) # 0 is continuous and nonnegative.
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Weak solutions

Definition 1

We say that a pair of functions (u, v) is a (weak) solution of system (3) if
/ VuVeé + Vi(x)updx = / f(u)¢dx+/ B(x)vodx,

RN RN RN
/ VvV + Vo(x)vipdx = / g(v)ypdx +/ B(x)utpdx,

RN RN RN

for all ¢, € C5°(R"N). Moreover, we call a solution of system (3) is nontrivial if
(u, v) # (0,0), is nonnegative if u, v > 0, and is positive if u, v > 0.
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Variational setting

Associated with system (3), we can define the energy functional

1 1
I (u,v) = 5 /RN |Vul> + Vi(x)u’dx + > /]RN [Vv|> 4 Va(x)vZdx

_ /]RN F(u)dx — /RN G(v)dx — /IRN B(x)uvdx,

where F(u) = [ f(s)ds and G(v) = [ g(s)ds.
It is easy to check that the functional / is of C* with the derivative given by

<Il(u7 V)7 (¢7 1/))> = /]RN VUV¢ + VI(X)U¢dX - /RN Vvvw aF VQ(X)VQZJCIX

= [ fsde~ [ etwax— [ seavede— [ seuid

for all ¢, € C$°(R"), where I’ denotes the Fréchet derivative of /.
Therefore, (u, v) is a critical point of / if and only if (u, v) is a solution of system (3).
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o A solution (u,v) € HY(R") x H*(R") of (3) is called a bound state.

@ A solution is called a ground state if (u, v) # (0,0) and its energy is minimal among
the energy of all the nontrivial bound state of (3).

@ A ground state satisfying u > 0, v > 0 is called a positive ground state.
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Z. Chen-W. Zou, J. Funct. Anal., 2012

In 2012, Chen and Zou studied the following linearly coupled Schrédinger systems

{Au+,uu— |ulP~2u + Bv, x € RV, (@)

—Av +vv = |v|2*72v+ﬁu, x € RV,
where N > 3,2" .= % and u, v, B are positive parameters satisfying

0< B <.

They proved that

e for 2 < p < 2%, there is i € (0,1) such that (4) has a positive ground state solution
if0 < < i
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Z.Chen-W. Zou, Ann. Inst. Henri Poincare, 2014

Chen and Zou studied the following class of linearly coupled Schrodinger systems

(5)

—&Au+ Vi(x)u = |ulP2u + Bv, x € RV,
—e2Av + Vo(x)v = |v|¥ "2V + Bu, x € RV,

where N > 3,2 < p < 2" and V; are continuous function and satisfy
o inf cpn Vi(x) > a; > 0.
Under the other assumptions and

0< B < Vaiay,

they proved that (5) has a positive solution for £ > 0 sufficiently small.
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J. Peng—S. Chen—X. Tang, Complex Var. Elliptic Equ., 2019

Peng, Chen and Tang studied the following system:

(6)

—&?Au+ Vi(x)u = [ulP~2u + B(x)v, x €RY,
—2Av + Vo(x)v = |v|7 2V + B(x)u, x € RV,

where N > 3,2 < p < 2*,2< q<2* Vi, B e CRY), and
e inf Vi(x) =0 and V2(x) > 0.

Under assumption that
o |B(x)]? < 62Va(x)Va(x) with 0 < 6 < 1,

the authors proved that (6) has at least one nontrivial solution for € > 0 sufficiently small.
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We can deduce the conclusions that the coupling function 8 (x) or coupling constant
must be controlled by potential functions, and must at least satisfy

o |B(x)]? € 62Vi (x) Va (x) for some 0 < 6 < 1 or
e 0 < f < /aiaz, where Vi (x) > a; > 0.

Motivated by the fact mentioned above, it is very natural for us to pose a question as
follows:

o Can the upper control conditions of the coupling function 3 (x) or coupling constant
[ be relaxed?
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Linearly coupled Schrodinger systems with steep potential well

We consider the following class of linearly coupled Schrddinger system:

—Au+AVi (x)u=f(x)[ul 2 u+ B(x)v, x €RY,
—Av+ AV (x) v = £ (x) [v[? 72 v + B(x)u, x €RY,

where N >3, 2 < p1, p» < 2%, and A > 0 is a parameter.
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Steep potential well

For system (E,), we assume that V; satisfies the following conditions:

(V1) V;is a nonnegative continuous function on R";
(V2) there exists ¢; > 0 such that the set {V; < ¢;} := {x e R" | Vi(x) < ¢} is
nonempty and has finite measure;
(V3) Q; =int {x € RV | V;(x) = 0} is nonempty bounded domain and has a smooth
boundary with Q; = {x € R | V; (x) = 0} ;
@ The potential AV satisfying conditions (V1) — (V3) is usually called the steep
potential well whose depth is controlled by the parameter .

@ An interesting phenomenon is that one can expect to find the solutions which are
concentrated at the bottom of the wells as the depth goes to infinity.
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Figure: Steep potential well
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Assume that the weight functions f; and the coupling function (3 satisfy the following
conditions:

2% —p;

(F) 0# f: € C(R") are nonnegative and f; (x) < V;? 2 (x) for all x € Qf for i = 1,2;

(B) B is a nonnegative continuous functions on R and there exist R > 0 and

0<6< S2min{\{V1 <a}|™,|{Va< cQ}\’WZ}

such that 8 (x) < 0 for all |x| < R and B(x) < doy/ Vi (x) V2 (x) for all |x| > R,
where ~0 and S is the best constant for the embedding of D*2(R") in L% (R").

@ One can see that the upper control condition of the coupling function 3(x) does not
depend on the value Vi(x)Va(x) in the ball {x € R" | |x| < R}.
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Variational setting to our problem

o Xi={ue D*(R") : [y Vi(x)uPdx < oo}
o For any A > 0, we define the Hilbert space X\ = Xi x X, endowed with the
following norm

ll(u, VI = /RN (|vu|2 FAVI(x) + [V + /\Vg(x)v2) dx.

o The embedding Xy — H*(R") x H*(R") is continuous.

@ We use the variational methods to find positive solutions of system (Ey) . Associated
with system (E,), we define the energy functional Jy : X, — R

Iy (V) = 2 (VI - / Blx)uvex— L / () u] dx— = / H(x) [v]™ dx.
2 RN p1 Jrn P2 JrN
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Nehari manifold

Because the energy functional Jy is not bounded below on X, it is useful to consider the
functional on the Nehari manifold

N = {(u,v) € Xx \ {(0,0)} | (U (u,v),(u,v)) =0},

where

(G (). () = NI =2 | B [ G0 1ul7 dx— [ 600 17 o

@ Under conditions (V1) — (V3),(F) and (B), we can prove that any minimizer of J\
constrained on N is a critical point of Jy on X).

Let

ax = inf Jx(u,v)
(u,v)ENy

Then (u,v) € Nx with Jy (u, v) = ax will be a ground state of system (E)).
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Fibering maps

It is useful to understand N by the stationary points of mappings of the form

hu)(t) := Ix(tu, tv)(t > 0)
t2 > > tP1 tP2

=5 I v)ly —¢ / B(x)uvdx — —/ fi(x) |ul™ dx — 7/ f(x) |v|” dx.
2 RN P1 JgrN P2 JrN

Such a map is known as the fibering map. It was introduced by Pohozaev.
Clearly,

B ()

_ 2 _ P11 p1 _ 4,21 P2
=t (||(u7 V)15 Z/RN ﬂ(x)uvdx) t /}RN f(x) |ul™ dx — ¢t /]R’V f(x) |v|?? dx.

Thus, one can see that h(, ,)(t) = 0 if and only if (tu, tv) € Ny; that is, points in N
correspond to stationary points of the maps h,,.).
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/RN B(x)uvdx < do/\\>R vV Vi (x) Vo (x) |u| |v| dx + /| o B(x) |ul |v| dx

do 2 do 2 9/ 2 2
& V; o &8 V; 47 ¥
X ( RN)\ 1 (x)u dx) X ( AVL (x) v dx> 3 MSRU v dx

2
1 <d0+ 9)/ )\Vluzdx—i—M/ |Vu|2dx
RN RN

IA

< —
- 2)\ C1 252
2
9 2 0'{\/2 < C2}|N / 2
iV ZI¥e > =2l
P3N <d0+cz> RN)\ Hvdx + 252 RN|VV| dx

2 2
< 5es max {I{Va < allF (V2 < @} } (e, I

for all A > 0 sufficiently large. Thus,
(VI = 2/ B(x)uvdx > Bo [|(w, v)IE for all A > O sufficiently large,  (7)
RN

where
~ 2
Boi=1- —max{|{V1<C1}| \{v2<cQ}|w}>o.
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Thus, we also have

ax= inf J\(u,v)= inf max Jx(tu, tv).
(u,v)ENy (u,v)eX\{(0,0)} t>0

Clearly,

max Jx(tu, tv) > max Jx(t |ul, t|v]).

£>0 >0
Then

oy = inf max Jx(tu, tv) = inf max Jx(t |u|, t|v]).
(u,v)€Xx\{(0,0)} t>0 (u,v)EeXx\{(0,0)} t>0

Hence we suppose that every ground state solution (u, v) of system (E\) is nonnegative.
Note that if (u, v) # (0, 0) is a solution of system (Ex), then u ## 0 and v # 0. Then
according to Maximum Principle, we can deduce that v > 0 and v > 0.
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Main results

Theorem 2 (Y.-C. Lin—-K.-H. Wang-T.-F. Wu, J. Math. Phys. 2021)

Suppose that conditions (V1) — (V3),(F) and (B) hold. Then system (Ex) has a
positive ground state solution for all A\ > 0 sufficiently large.

Kuan-Hsiang Wang (NCTS) linearly coupled Schrédinger System January 17-18, 2022 22/24



The concentration of solutions

Theorem 3 (Y.-C. Lin—-K.-H. Wang-T.-F. Wu, J. Math. Phys. 2021)

Let (ux, va) be the positive solutions obtained in Theorem 2. Then (ux, vx) — (Uoo, Veo)
in HX(R") x HY(R") as A — co, where (Uso, Voo ) is a positive solution of

—Au=fi (x)|ul* % u+ B(x)v, x €,

—Av =H(x)|[v[? v + B(x)u, x € Qa, E
u(x) =0, x € Qf, (Eec)
v(x) =0, x € 5.
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Thank you for your attention.
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